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ABSTRACT
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mapping of type (P) in Intuitionistic N- fuzzy metric space.
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1. Introduction

In the history of fixed-point theory, fuzzy metric spaces has wide application. In 2004 park[6]
introduced intuitionistic fuzzy metric spaces (I F M S;) as a generalization of F M S, using the
concepts of intuitionistic fuzzy sets, continuous t-norm and continuous t-conorm After that. In 2022
Azam et al.[3] introduced the concept of intuitionistic fuzzy b-metric space. (I F, MS).

On the other hand Malviya [5] defined N- fuzzy metric space in 2015 by using S- metric space and
b- metric space.

In 2016 Ali et al.[2] given the concept of I N F M S, and proved many fixed-point theorems. By
inspiring above work we proved a coincidence and common fixed-point theorem using compatible
mapping of type (P) in Intuitionistic N- fuzzy metric space (I N F M S;), which extend the result
of Agrawal et al.[1] in Intuitionistic N- fuzzy metric space (I N F M S).

2. Preliminaries

Definition 2.1 [4] A map =: [0,1] x [0,1] x [0,1] — [0, 1] is called a continuous t- norm if it
satisfies the following conditions:

Tyx(p,1,1) =, x(0,00)=0
Tpx (v, p) = *x(p,v) =*(v,p, 1)
Ts:% is continuous
Tyix (11, vy, p1) 2 * (2, Vo, p2,) for iy 2y, vy 2 vy, p1 2 py
examples of t-norm are (1): puxv* p=pv.pand (2): uxv* p = min{y,v, p}(H — type)

Definition 2.2 [4] A map %: [0,1] x [0,1] x [0,1] — [0, 1] is called a continuous t- co-norm
(CTCN) if it satisfies the following conditions:
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Ty:% (p,0,0) =, %(0,00)=0
T (v, p) = % (1, p,v) =* (v,p, 1)
Ts:% is continuous
Taik (1o, v, p1) 2 % (M2 vy, P2y ) fOr g = vy = vy, p1 2 py
u* v p= max{yv,p}are called a maximum CTCN.
The concept of intuitionistic N- fuzzy metric space(N F M S;), is defined as follows:

Definition 2.3[2]:- A six tuple (X, M,N,xx%) is an intuitionistic N- fuzzy metric
space(I N F M S), if X is an arbitrary ( non-empty) set, x is a continuous t-norm, x is a continuous
t- co-norm (CTCN), is a real number, Mand N are a fuzzy sets on X3 x (0, o) satisfying the
following conditions for all y, v, p, & X and t,u,v > 0:

OM@Q@ v, pp ) + N, v, p, ) <1

) M@ v, ppt) >0

(i) M(w, v, p, t) =1lifandonlyifp= v= p

(VM v,p,(u+v+1t) =M, w,&u) * M(v,v,§v) » M (p,p,§t) forall £ € X.
V)M, v, p, .):(0,00) = (0,1] is a continuous function.

(vi)N(w, v, p, ) >0

(vii) N(i, v, p, ) =1lifandonlyifpu= v= p

(vVii)N(u,v,p,(u+v+1t)) < N(wu,&u) *N(v,v,§v) %xN(p,p,§t) forall & € X.
(ix) N(4, v, p, .):(0,00) = (0,1] is a continuous function.

Here, M(w, v, p, t) and N(y, v, p, t) are membership and non-membership function of ,
vand p with respect to t.

Definition 2.4. [3] Let a> 1 be a given real number. A function f: R — R will be called
strictly increasing if t < u implies that f (t) <f (au) and f is called strictly decreasing if t < u
implies that f(t) > f(au).

Proposition 2.5. [3] Let (X,M,N,x,x) is an intuitionistic N- fuzzy metric space(/ N F M S),
then for all p,v € X, the fuzzy set M and N are defined with respect to product such that
M, v *): [0, 0) — [0, 1] is strictly increasing and N(y, v %) : [0, 00) — [0, 1] strictly
decreasing.

Definition 2.6. [2] Suppose (X,M, N,*,x) is an intuitionistic N- fuzzy metric space(I N F M Sy),
then (X,M, N,x,x) is called symmetric if

My, )= M(v,v,u, ) and N(u, i, v, t) = N(v,v,, 1.

Forally,ve Xandt > 0.
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Definition 2.7. [2] Let (X, M, N,x,x) is intuitionistic N- fuzzy metric space(l NFMS,),

(a) A sequence { un} in X is said to be convergent if there exists p € X such that lim,—
M (un, g, 1, t) = 1 and limy—o N (pn, pn, , t) = 0 ¥t > 0. In this case p is called
the limit of the sequence { un} and we write limp—. gn = W, OF un — L.

(b) Asequence { un }in (X, M,N,*x,%) is said to be a Cauchy sequence if for every € €
(0, 1), there exists ng € N such that M (un, pn, tm, t) > 1—€ and N (un, tn, um, t) < €,
vm,n>no and t> 0.

(c) The space X is said to be complete if every Cauchy sequence is convergent and it is
called compact if every sequence has a convergent subsequence.

3. Main Result

We define compatible and compatible of type-P mappings in intuitionistic N- fuzzy metric
space(I N F M Sy),

Definition 3.1. Two self-mappings A and B of an intuitionistic N- fuzzy metric
space(N F M Sy), (X, M, N, %, %) are called compatible if lim M (ABun, ABun, BApn, t) =1
n—oo,

and lim N(ABpn, ABun, BApn, t) = 0 whenever {un} is a sequence in X such that

hm Bun = hm Ap, = pforall some p € X.

n—>oo

Definition 3.2. Two self-mappings A and B of an intuitionistic N- fuzzy metric
space(IN F M Sy), (X, M, N, %, %) are called compatible of type (P) if lim M (AApn, AAun,
n—oo.

BBun, t) =1 and lim N(AApn, AAun, BBun, t) = 0 whenever {un} is a sequence in X
n—oo.
such that lim Bp, = lim Ap, = pforall some u € X.
n—>oco n—>oco

Example 3.2.1. Let X = {% : neN} U {0} with * continuous t-norm and = continuous t-conorm

defined by p xq = pq and p * q = min{1, p + q} respectively, for p,q € [0, 1]. For each t €
[0, ) and p, v € X, define (M, N) by

t .
M( IJ., V:W,t) = {t+|(|,1—w)_(w_v)| ] lf t > 0,
0, if t=0,

(-w)-(w-v)|
Jif £>0,
N( b, vw,t) = {HI(M—W)—(W—V)I 2l

1, if t=0,

Clearly (X, M, N, %, %) is a intuitionistic N- fuzzy metric space(I N F M S;),
Define Ap = = and By = ~on X and py, = %

Clearly, it can be easily observed that A and B are compatible of type (P) mapping.
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Our main result extends and generalize the fixed-point theorem of Agrawal et al [1], which is the
application of compatible of type (P) mapping in the new structure of intuitionistic N- fuzzy metric
space(IN F M Sy),
Theorem 3.3 Let (X, M, N, *, %) be a complete intuitionistic N- fuzzy metric space(I N F M S),
with % t-norm and % t-conorm defined as:

() pwxv=min{y v}, p=x v=max{y,v}

(i) M(p,pv *) and N(p,p v %) are strictly increasing and strictly decreasing

functions, respectively.

Let B, A: X — X be two self-mapping on X satisfy following conditions:

(i AX) € B(X)

(i) One of Bor A is continuous.

(iii) (B, A) is compatible of type (P)

(iv) ifforall pv X ke (03),t>0,

M (Ap, Ap,Av, kt)> min{ M (Ay, Ap,Bv, t), M (Av, Av,Bv, t), M (Av, Av,By, t)}
N (Ay, Ap,Av, kt)< max{ N (Ay, Au,Bv, t), NAv, Av,Bv, t), N (Av, Av,By, t)}
Then p is common fixed point of B and A.
Proof. Let po € X. Since A (X) < B (X) there exist p2n+1 and pen in X such that
Ruon = Quon+:s = vonsr for,n=1,2,3, .. (3.3.1)
Case |. Putting p = pon and v = p2n+1 in (iv) we get

M (Van+1, Von+1, Vonez, Kt) = M (Buzn+1, Buzn+1, Bpansz, Kt) = M (Apon, Apon, Apon+a, Kt)

> min{ M (Apan, Apzn, Bpzn+1, t), M (Apzn+1, Apen+1, Bpen+1, t), M (Apzn+1,Apzn+1,
Bll2n, t)}1

= min{M (Bp2n+1, Buon+1, Bpon+1, t), M (Bpon+2, Buzn+2, Bpon+1, t), M
(Bpzn+2, Bpan+2, Bpan, t)},

= min{ M (van+1, V2n+1, Von+1, 1), M (Von+2, Von+2, Von+t, t), M (Van+2, Von+2, Von, 1)},
Since M (van+1, Von+1, Von+1, t) = 1.
M (Von+1, Van+1, Vone2, Kt) > min{(1, M (van+2, Von+2, Van+1, t), M (Van+2, Von+2, Von, 1)},
> min {(M (van+2, Van+2, Van+1, 1), M (Van+2, Van+2, Von, 1))},
Since kt < % and by (ii) of theorem 3.3 M'( y, 1, v %) is a strictly increasing function.
If Min{( M (van+2, Von+2, Von+1, ), M (Van+2, Von+2, Von, £))},= M (Van+2, Von+2, Von+1, t)

Then we will reach to a contradiction M (van+1, Van+1, Von+2, Kt) =M (van+2, Von+2, Van+1, t)
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Therefore,
M (Von+1, Van+1, Vone2, Kt) = M (Von+2, Van+2, Von, 1)

> M (Van+2, V2n+2, V2n+1,§) * M (Von+2, V2n+2, V2n+1,§) * M (Van+1, Van+1, Vzn,é) (By using (iv) of
definition 2.3

=min { M (van+2, V2n+2, vZn+1,§),M (Van+1, Von+1, V2n,§)} (By (i) of theorem 3.3)

Since kt < gand by (ii) of theorem 3.3. M'( u, 4, v *) is a strictly increasing function.

. t t t
If min { M (van+2, von+2, V2n+2,§), M (Von+1, Van+i, V2n,§)} = M (van+2, Von+2, V2n+1,§),

Then we will again reach to contradiction,

M (van+1, Van+1, Von+2, Kt) > M (Van+1, Von+, V2n+2,§)

Which is not possible. Therefore, M (van+2, van+2, Van+1, Kt) = M (van+1, Van+1, V2n,§)
In the similar manner, M (van+3, Van+3, Von+2, Kt) = M (Von+2, Von+2, vzmé)

In general, M (vn+1, Vn+1, Vn+2, Kt) = M (Vn, vn, vn+1,§) for n=1,2,3,....

ANd, M (Vns2, Vns2, Vnea, Kt) = M (Vnet, Vne, Ve, 5) for n=1,23,....
Also, it follows that,

M(Vn+1 Vn+1, Vn+2, kt) > M (Vn, Vn, Vn+1,—) = M (Vn 1, Vn-1, Vn, (3;21()

Continuing this, we get,

M (Vn+1, Vn+1, Vn+2, Kt) = M (vo, vo, v1, — 0asn — oo,

t
(3)n+1kn)
Thus, in general, when n — oo, clearly,

1=>=M (Vn, Vn, Vn+1, kt) =>M (VO, Vo, Vi, -1

t
(3)1’1kn—1)
ThUS, lim M(Vn, Vn, Vn+1, kt) =1

n—>oo,
Furthermore,

N (van+1, van+1, von+2, Kt) = N (Buzn+1, Bpzn+1, Bpon+2, kt) = N (Apon, Apzn, Apon+1, Kt)
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< max{ N (Auzn, Apzn, Buzn+1, t), N (Apzn+1, Apzn+1, Buon+1, t), N (Apon+1, Apon+,
BI-lZn, t)}!

= max{ N (Bpzn+1, Buzn+1, Buzn+1, t), N (Buzn+2, Buzn+2, Buzn+1, t), N (Buan+2,
Buzn+2, Buzn, t)},

= max{ N (van+1, Van+1, Van+1, 1), N (Van+2, van+2, von+1, t), N (Van+2, Vans2, von, D)},
= N (Von+1, Von+1, Vons2, Kt) < max{N (Von+2, Von+2, Von+1, t),N (Van+2, Von+2, van, 1)}
Since N(vzn+1, von+1, von+1,t) = 0.
N (van+1, van+1, von+2, Kt) < max{(1, N(van+2, von+2, von+1, t), N (Von+2, Vons2, von, 1)},

< max {( N (van+2, van+2, van+1, 1), N (van+2, vane2, von, 1))},
Since kt < é and by of theorem 3.3 N( y, u, v %) is a strictly decreasing function.

If max{( N (van+2, Van+2, Von+1, t), N (Van+2, Vans2, von, 1))},= N (Van+2, Van+2, Von+t, t)

Then we will reach to a contradiction N (van+1, von+1, van+2, Kt) < N (van+2, van+2, Von+1, t) IS
not possible.

Therefore,
N (von+1, van+1, Von2, Kt) < N (van+2, van+2, von, t)

t t t
< N(van+2, van+2, V2n+1,§) % N(von+2, Von+2, V2n+1,§) % N (van+1, Von+1, V2n,§)
_ t t
= maxX { N (V2n+2, V2n+2, V2n+1,§), N (V2n+1, V2n+1, V2n,§)}
Since kt < 3 and by (i) of theorem 3.3. N( i, , v %) is a strictly decreasing function.
t tyy _ t
If max { N (van+2, van+2, V2n+2,§), N (van+1, van+1, V2n,§)} = N (van+2, van+2, V2n+1,§),
Then we will again reach to contradiction,

t
N (v2n+1, van+1, vone2, Kt) < N (von+1, von+t, V2n+2,§)
. . . t
Which is not possible. Therefore, N (von+2, von+2, von+1, Kt) < N (von+1, Van+1, Von, 5)
- . t
In the similar manner, N (v2n+3, van+3, Van+2, Kt) < N (van+2, Von+2, van+1,§)

In general, N (vn+1, Vn+1, Vn+2, Kt) < N (vn, vn, vn+1,£3) for n=1,2,3,....

ANd, N (vn+2, vn+2, Vn+3, Kt) < N (Vn+1, Vn+1, Vn+2, 5) for n=1,2,3,....
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t

Also, it follows that, N (vn+1, vn+1, Vn+2, Kt) < N (vn, vn, vn+1, —) < N (Vn-1, V-1, Vn, (3)2k)

Continuing this, we get, N (vn+1, Vn+1, Vn+2, Kt) < N (vo, vo, v, — 0asn — co.

t
(3)1’1+1kn)
Thus, in general, when n — oo, clearly,

0 < N (vn, Vn, Vn+1, kt) < N (vo, vo, v1, -0

t
(3)n+1kn—1)

Therefore, lim N(vn, vn, vn+1, kt) = 0.
n—oo.

Hence, M (Vn, Vn, Vn+1, kt) —-1. And N (Vn, Vn, Vn+1, kt) —0as n — oo for any t> 0,
Next, we show that the sequence { vn} is a Cauchy sequence.

For each ¢ > 0 and t > 0, we may be chosen no € N such that

M (Vn, Vn, vn+1, t) > 1 —g for all n > np and N (vn, vn, v+, t) < € for all n > no

For m,n € N, we suppose m >n. Then we have
t t t
M (vn, Vn, Vm, t) =M (Vn, Vn, Vn+1,§) * M (Vn, Vn, Vn+1,;) * M (Vn+1, Vn+1, Vm,g)

t
>M (Vn, Vn, Vn+1,§) * M (Vn+1, Vn+1, Vn+2, )* M (Vn+1, Vn+1, Vn+2,

=)

(3)? (3)?

=)

* M (Vn+2, Vn+2, Vm, @

t
>M (Vn, Vn, Vn+1,§) * M (Vn+1, Vn+1, Vn+2, ) * M (Vn+2 Vn+2, Vn+1,

(3)? (3)3)

= M (Vn, Vn, Vn+1, 1) > (1 —e) *(1—e) * (1 - €) ...(1 —¢)
=min{(1-¢),(1-¢),(1-¢)..(1—-¢e)}=1-¢

And
N (vn, vn, vm, t) < N (vn, vn, Vn+1,§) % N (vn, vn, vn+1,§) % N (Vn+1, Vn+1, Vm,%)

t
<N (Vn, Vn, Vn+1,§) % N (Vn+1, Vn+1, Vn+2, )* N (Vn+1, Vn+1, Vn+2, )* N (Vn+2, Vn+2, Vm,

(3)? (3)? (3)2)

)* N (Vn+2, Vn+2, Vm,

=)

t
<N (Vn, Vn, Vn+1,§) % N (Vn+1, Vn+1, Vn+2,

(3)? (33

= N (Vn, Vn, Vn+1, t) < exexex..x¢€

=max {g,¢,¢, ...e}=¢€
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Hence, {vn}is a Cauchy sequence in X.
Since (X, M, N,x,%, k) is complete. In view of completeness of the space, sequence
{vn} converges to some point u € X. Also, its subsequence converges to the same
Pointi.e., Auon = Bp2n — o Now, shall prove Ba = o then

Kkt Kkt Kkt
M (o, @, Ba, Kt) > M (o, a, Apan, <) * M (e, &, Apzn,7) * M (Apzan, Apan, B, ),
B is continuous and A, B are Compatible type P
such that n — co. AAuzn = Ba, BBu2n— Ba,

Kkt Kkt Kt
M (o, a, Bax, kt) > M (e, o, Apzn, =) * M (o, &, Apzn,—) * M (Apzn, Apzn, AApen,—),
>M (a, a, Ali2n,§) * min{M (Apzn, Apon, BAu2n,§), M (AApzn, AApon, BAIJ.Zn,%),
M (AApzn, AApon, BIJ.Zn%)}
Since Apen = Buon — aand B and A are compatible type (p) mapping.
Therefore, as n — oo, we get, AAuon — Ba, BBu2n— Ba
<M (a, a, a,?) * min{M (a, a, Boc,g), M (Ba, Ba, Boc,%),]\/[ (Ba, Ba, oc,g)}
<M (a, a, a,?) * min{M (a, a, Boc,g), M (Ba, Ba, Boc,%),]\/[ (a, Boc,g)}

= M (a,a, Ba, kt) > M (a, a, Boc,g)

(Since, M (a, @, o =)= 1 and M (Ba, Ba, BaD)= 1, for all t > 0)

Therefore, Ba = a. now we will show that Aa = a.

for that let p = a and v = Apen then, (iv) of theorem (3.3) becomes

M (Aa, Aa, AApzn, kt)> min{ M (Aa, Aa, BAuon,t), M (AAp2n, AAp2n, BApon,t), M
(AAIJZn, AAHZn, B(X,t)}
Since Ap2n = Bpon — «, B is continuous and B, A are compatible type (p) such that

AApzn = BBp2n= Ba = «

M (Aa, Aa, a, kt)> min{ M (Aa, Aa, Ba,t), M (a, a, Ba,t), M (a, a, Ba,t)}

M (Ao, Aa, a, kt)> min{ M (Ao, Aa, a,t), M (a, o, a,t), M (a, a, a,t)},

Since, M («, a, a,t)=1 for all t > 0. Therefore, M (Aa, Aa, o, kt)> M (Aa, A, a,t)
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Thus, Aa = a.Hence, ais a fixed point of A and B.

Now, we prove Ba = o for N
Kkt Kkt Kkt
N (o, o, Ba, kt) < N (a, a AMZn,?) * N (a, a, AMZn,?) % N (Apzn, Apzn, Ba,?),

B is continuous and A, B are Compatible type P

such that n - co. AAuzn = Ba, BBu2n— Ba,
Kt Kt Kt
N (a, o, Ba, kt) < N (o, «a, AMZn,?) %N (a, a, AMZn,?) % N (Apzn, Apzn, AAIJ.Zn,?);
Kk
< N(a, a, Ap2n,?t) % max{N (Apzn, Ap2n, BAMZn%), N (AApzn, AApzn, BALlZn,%);

N (AApon, AApzn, BP-Zn%)}

Since Apen = Buen — acand B and A are compatible type (p) mapping.

Therefore, as n — oo, we get, AApon — Ba, BBu2n— Ba.

< N(a, a, a,g) * max{N (a, «, Boc,g), N (Ba, Ba, Boc%), N (Ba, Ba, a,g)}
< N(a, a, a,g) % max{N (a, «, Boa,g), N (Ba, Ba, Boc,%), N (o, a Boc,g)}
= N (o, a, Ba, kt) < N(a, a, Boc,g)

(Since, N (a, @ o, 5)=0 and N (B, Bat, Ba,5)=0, for all t > 0)

Therefore, Ba = a. now we will show that Aa = «.

for that let u = acand v = Apen then, (iv) of theorem (3.3) becomes

N (Ao, Aa, AApzn, kt)<s max{N (Aa, Aa, BApzn,t), N (AApen, AApzn, BApont), N
(AApzn, AApzn, Ba,t)}

Since Ap2n = Bpon — «, B is continuous and B, A are compatible type (p)
such that

AAp2n = BBpon= Ba = a

N (Aa, Aa, a, kt) < max { N (Aa, Aa, Ba,t), N (a, o, Ba,t), N (a, a, Ba,t)}
N (Aq, Aa, a, kt) < max {N (Aa, Aa, a,t), N (o, a, a,t), N (a, a0, o, t)},
Since, N (a, a, «,t)=0 for all t > 0.

Therefore, N (Aa, Aa, a, kt < { N (Aa, Aa, a,t)
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Thus, Aa = a. Hence, a is a fixed point of A and B.
Uniqueness. Let o’ be another coincidence and common fixed point of A and B.
then Ba' = Aa’ = a'. we get
M (Ao, Aa, Ad’, kt)> min{ M (Aa, Aa, Ba',t), M (Ad’, Aa’, Ba',t), M (Ad’, Ad,
Ba,t)},
M (o, a, &', kt) = min {M (a, o, &' ,1), M (', &, &' \1), M (o, &', a, 1)},
(since M (o', o', o',t) for all t > 0)
Therefore,
M (oc oo, khY>M (a,a o' t) > M (a,a,a’,i) > M (o, o, a,k—tz oo =M (o, o,

o 1)—>1 Asn — oo,

And,

N (Aa, Aa, Ad’, kt) < max{ N (Aq, Aa, Ba',t), N (Aa’, Aa’, Ba',t), N (Aa’, Aa’, Ba,b)},
N (a, o, o', kt) < max{ N (a, a, o’,t), N (a’, o', 1), N (o, &', o, 1)},

(since N (o', ', o’ ,t) for all t > 0)

Therefore,

N (a, a, ', k)< N(a, a, a',t) < N(a, a, a’,i) < N(a, o oc,i < N(d, o, a, )—>

kz)' 'kn—1

0, Asn — oo,

We get a = a'. Therefor, a is the Coincidence and common fixed point of self- mappings
A and B.
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