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1. Introduction:

In the history of mathematical analysis, several generalizations of metric spaces have been introduced
to overcome limitations of classical metric structures and to develop suitable frameworks for fixed point
theory. The concept of 2-metric space was introduced by Gahler [8,9], but its lack of continuity
motivated further generalizations. Dhage [7] introduced D-metric spaces, which were later shown to
have limitations by Mustafa and Sims [16,17], leading to the development of more consistent structures
such as G-metric spaces. Sedghi et al. [25,26] introduced S-metric spaces, which have been widely
studied in nonlinear analysis. Probabilistic metric spaces were initiated by Menger [15] and further
developed by Schweizer and Sklar [23,24], with significant contributions by Sehgal and Bharucha-Reid
[27] and Stojakovi¢ [32-34]. Intuitionistic and fuzzy extensions were developed to handle uncertainty,
including intuitionistic Menger spaces studied by Kutukcu et al. [12], Pant et al. [18], Jain et al. [11],
and Leila and Aliouche [14]. Further developments include cone metric spaces, fuzzy metric type
spaces, and other generalizations such as S-Menger and S, —Menger spaces, studied in [22,13]. The
concept of b-metric spaces was introduced by Bakhtin and extended to S, —structures for broader
applications. In fixed point theory, various types of mappings such as compatible mappings, weakly
compatible mappings, and sub-compatible mappings were introduced by Jungck and further studied by
Bouhadjera and Thobie [3]. Singh and Singh [29,30] introduced compatible mappings of type (E), while
Beloul [2] studied weakly subsequential continuous mappings. Property (E.A.) and related concepts
were developed in [6,19], and weak contractive conditions were studied in [20].

Control functions and generalized contractions in Menger spaces were investigated by Chaudhary [4]
and Chaudhary et al. [5]. Sharma [28] and Rashwan-Hedar [21] extended fixed-point results in
intuitionistic and Menger-type spaces. Many recent works focus on intuitionistic S-Menger and
S, —Menger spaces with applications to differential equations and nonlinear systems [13,22].
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Motivated by these developments, this paper studies fixed point results for various types of mappings,
including compatible mappings of type (E) and weakly subsequential continuous mappings, in
intuitionistic S;, —Menger spaces, and establishes new common fixed-point theorems.

2.Preliminaries:
We now recall the following definitions that will be used in the sequel.

Definition 2.1.[23] A mapping =: X3 - X (X = [0,1]) is said to be CTN if it verifies the
below properties:

(i) *(a,1,1) =a,*(0,0,0)=0;

(ii) * (a,b,c) =*(a,c,b) == (b, c,a);

(iii) *is continuous;

(iv) * (a1,b1,¢1) = * (az,by,cy) foray = a, , by = by ,c; = ¢, .

a*b+*c=abcanda * b * c = min{a, b, c} are called product CTN and minimum CTN
respectively.
Definition 2.2. [13]A mapping=: X3 - X (X = [0,1]) is said to be CTCN if it verifies the below
properties:
(H)¢(a,1,1) =a,<(0,0,0) =0;
(i) (a, b, c) = <(a,c,b) = ©(b,c,a);
(iit)< is continuous;
(iv)<(aq,by,c1) = ©(az,by,cy) foray = a, , by = by 00 = ¢y .
Definition 2.3.[13] A distance distribution function is a function ,?: R — R* which is left continuous
on R ,non-decreasing and infieg, P(t) = 0, Supier, P(t) = 1.
we shall be denoted by D the family of all distance distribution functions and by Ha special distance
distribution function in D given by
1, ift>0

H“y‘%, ift<o
Definition 2.4.[13]A non-distance distribution function is function Q: R — R*which is left
continuous on R, non-increasing and inf.crQ(t)= 1,SupecrQ(t) = 0.
We shall denote by E the family of all non-distance distribution functions and by G a special non
distance distribution function in E given by

1, ift<0

G“y‘%, ift>0
Definition 2.5. ([13])The 5-tuple (X, 2P, Q,*, <) is said to be an intuitionistic Menger space if X is an
arbitrary set, *isa CTN, < is CTCN, 2 is a probabilistic distance and Q is a probabilistic non-

distance on X satisfying the following conditions: forall «,f,y € Xandt,s >0

Pap(® +Qeupm®) <1,

Pap(0) =0,

Plap®) =H@) iffa=p,

Pap)(t) = Ppa(t)

fPp(®) =1and P y(s) =1,then P )(E+5s) =1,
Plap(t+5) =Pp)(t) *Ppyy(s),

Q@up(0) =1,

Quap® =GR iff a=p,

Qap(®) = Qpa(t)

© 0N o R~ DR
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10. If Q(a,ﬁ)(t) =0and Q(ﬁ,]/)(s) = 0, then Q(Ol,)/)(t +s5)=0,
11. Q(a_y)(t +5)< Q(aﬁ)(t) OQ(B,]/)(S) .

The function P 4 5y(t) and Q(, ) (t) denotes the degree of nearness and degree of non-nearness
between a and £ with respect to t , respectively.

Intuitionistic S,-Menger Space:

Definition 2.6.[13]A six tuple(X, Py, Qp,*, <, k) is an intuitionistic S,-Menger Space (1S, —MS)if

X # ¢ is an arbitrary set,* isa CTN,< isa CTCN,k = 1 is a real number,S is a probabilistic distance
and ¢ is a probabilistic non-distance on X satisfying the below properties forall : V a,,y,a € X and
k,t,s > 0.

(D Poa,py) (@) + Qpapn(® <1,

(i) Pp(a,pyp(t) > 0;

(iii) Ppapy)(®) =1lifandonlyifa =p =y;

(V) PpappkT +s+t) = Pyaaa) (™) * Ppp,p.a)(S) * Poyya(t);
(V) Qp(apy) () > 0;

(Vi) Qp(apy)@®) =0 ifandonlyifa =g =y;

Wit )p(ap k(T + 5+ 1) < Qpaa,a) O ,8a) (S)CQp@,y,a)(t)-

Definition 2.7.[13] Let(X, P}, Qp.*, <, k) be an intuitionistic symmetric S;,-Menger space with t *
t=>tand (1 -1 -1 —-t) < (1 —1t)forall 0 <t < 1. Asequence {a,}in X is said to be
convergentto a € X if, forany e > 0 and k € (0,1), there exists a positive integer N such that
Priapana)(E) > 1—kand Qpq, o, a)(€) < k whenever n > N.

Lemma 2.8.[13] Let(X, Py, Qp.*, <, k)be an intuitionistic symmetric S,-Menger space. If there exists
a constant k € (0,1), and two elements a, 8§ € X such that forall t > 0

?b(a,a,ﬂ)(kt) = ?b(a,a,[f)(t) and Qb(a,a,ﬁ)(kt) < Qb(a,a,ﬁ) (t)
Thena = B.

Lemma 2.9.[13] Let(X, Py, Qp,*, <, k) be an intuitionistic symmetric S,-Menger space. witht *t >t
and (1 -1 -1 —-t) <A —t)forall 0 <t < 1. Let{a,}and {£,} be two sequences in X
converges to a and f5 respectively. if ¢ > 0 is a point of continuity 0fP}, 4 4, )(-) and Qp(q,a,p) (- ), then

MM Phanan ) () = Poiaap(©) a4 I Op(ayan ) () = Coiaap (©-
Definition 2.10 [13]. Let W be the class of all non-decreasing mappings ¥: X X X X X - X and ¥: X x
X x X — X,(where X € [0,1]) such that
(i lim Y™(s) =1,Vs € (0,1],
n—-oo
(i)  Y(s)>sVse(01),

(i) Y@ =1,
(iv) Tlll_r)glo n*(r)=0,vre(01],
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(v) n(r)<r,vre (1)
(vi) n(0)=0.

3. Main Results:

Singh et al. [29, 30] introduced the notion of compatibility of type (E), A-compatibility of type(E) and
S-compatibility of type (E), we define all these notions further in the structure of intuitionistic S, -
Menger space as follows:

Definition 3.1. Self-maps A and S on an intuitionistic symmetric S,-Menger space(X, Py, Qp,*, <, k)
are said to be compatible of type E, if hm S%2a, = lim SAa, = Ayand lim A%?a, = lim ASa, =

n—-oco n—oo n—oo

Sy,whenever {a,} is a sequence in X such that lim Aa,, = lim Sa, = yfor somey € X.
n—oo n—-oo

Definition 3.2.Self-maps A and S on an intuitionistic symmetric S,-Menger space(X, Py, Qp.*, <, k)
are said to be A-compatible of type (E), if lim A%a,, = lim ASa, = Sy,whenever {a,,} is a sequence
n—oo n—-oo

in X such that lim Aa,, = hm Sa,, = yfor somey € X. Pair A and S are said to be S —compatible of

n—oo

type (E), if hm S%a, = hm SAa, = Aywhenever {a,} is a sequence in X such that lim Aa, =

n—-oo

lim Sa,, = yfor somey € X.

n—oo

Remark 3.3. It is also interesting to see that if A and S are compatible of type (E), then they are A -
Compatible and S-Compatible of type (E), but the converse need not be true.

Definition 3.4. Self-maps A and S on (1S,-SMS)(X, Py, Qp,*, <, k)are said to be sub-sequentially
continuous, if there exist a sequence {a,,} such that hm Aa, = lim Sa, = tforsomet € X and

n—oo
lim ASa, = Atand hm SAa, = St.

n—oo

Motivated by the Definition 2.6., we define the following in the setting of intuitionistic S, Menger
space.

Definition 3.5. Self-maps A and S defined on an intuitionistic symmetric S,-Menger space
(X, Py, Qp,*, <, k) are said to be weakly subsequentially continuous, if there exists a sequence {a,}
such that lim Aa, = lim Sa, =y forsomey € X and lim ASa,, = Ay Or 11m SAa, =Sy

n—oo n—oo n—-oo

Definition 3.6. Self-maps A and S defined on an intuitionistic symmetric S,-Menger space(X, Py, Qp,*
,<,k) are said to be S subsequentially continuous, if there exists a sequence {a,} such that
lim Aa, = hm Sa, =y forsomey € X and lim SAa,, = Sy.

n—-oo

n—oo

Definition 3.7. Self-maps Aand S defined on an intuitionistic symmetric S,-Menger space(X, Py, Qp,*
,<,k) are said to be A-subsequentially continuous, if there exists a sequence {a,} such that
lim Aa, = llm Sa, = yforsomey € X and lim ASa,, = Ay.

n—oo n—oo

Remark 3.8. If the pair of mappings {4, S}is A-subsequentially continuous (or S-subsequentially
continuous) then it is (wsc) but never be subsequentially continuous.

Fixed Point Theorem:

Theorem 3.9 LetA,B,S and T be four self-mappings of an intuitionistic symmetric S;,-Menger
space(X, Py, Qp,*, <, k) with CTN *and CTCN < satisfyingt * t = tand(1 — t)O(1 —)O(1 —¢t) <
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(1—1¢t)forall 0 <t < 1.Suppose Y,n € ¥ and there exist a constant k € (0,1) such that forall a, 8 €
X and t > 0 the following conditions are satisfied:

Pb(aa,aa,8p) (kt) =
Y[min{P b(sasa1B) () Poac,aasa)() Poip,eprs) () Po(sasapp) (£, P b(Tﬁ,Tﬁ,Aa)(t)}]'

Qb(aa,aa,8p)(kt)
< nImax{Qp(sa,sa1p) () Qb(aa,aa,sq) () Qbop,Ba18) () Qb(sa,sa,88) (), Qb(rp,rp,a0) (D)}]

..(3.9.2)

If the pairs {4, S} and {B, T} are weakly subsequential continuous and compatible of type (E), then
A, B,S and T have a unique common fixed point in X.

Proof. Since the pair {4,S} is weakly subsequential continuous, we can assume that it is A —
subsequential continuous and compatible of type (E). There exists a sequence {a,} in Xsuch that
lim Aa,, = lim Sa, = yforsomey € X and lim ASa, = Ay . The compatibility of type (E) implies

n—oo n—oo

that lim A%a, = hm ASa, = Syand lim Szan lim SAa,, = Ay. Therefore Ay = Sy, whereas in
n—-oo

n—-oo n—-oo
respect to the pair {B, T}, suppose that it is B — subsequential continuous. Then there exists a sequence
{B,} in X such that lim BfS, = lim T, = w,for some w € X and lim B T3,, = Bw. The pair {B, T}
n—-oo n—-oo n—-oo
is compatible of type (E), so lim B?f, = lim BTfB, = Tw. and lim T?g, = lim T Bf,, = Bwfor
n—oo n—oo n—oo n—oo
some w € X. This gives Bw = Tw. Hence y is a coincidence point of the pair {4, S} whereas w is a

coincidence point of the pair {B, T}. Now we prove that y = w. Choose a t > 0 satisfying (3.9.1) and
(3.9.2). Without loss of generality, we can assume that ¢ and kt are point of continuity of
?b(y,w...)(-):?b(y,y,....)(-):?b(w,w,,....)(-)va(y,w...)(- )' Qb(y,y,....)(-)'Qb(w,w,,....)(-)':Pb(Ay,w...)(- )/
:Pb(Sy,w...)(- )' jDb(y,By...)(-)'Qb(y,Ty...)(-) va(Ay,w...)(- )/Qb(Sy,w...),Qb(y,By...)(-)and Qb(y,Ty...)ThiS is
so because these functions are monotonic on R and hence have at most countable number of
discontinuities in (0, b) for any b > 0. So we may choose t sufficiently small that 0 < kt <t < b
and both kt and t are points of continuity of all the functions mentioned above. By putting a =
a, and B = B, in inequality (3.9.1), we have

PoaanaanBpy) (kt)
> Y[min{Pysa,, sa,78,) s Poiac,aansay) (O Po@ gy, ©r Poisansanspy) s Porp,rp,aa) (0}

Taking the limit as n —» oo and using Lemma(2.9), we get
Pocyywy (k) Z YIMIN{P 5 (0, Piy,y,1) O, P www) (O, Pocy,ym) (O, Poawwyy (O}
SO
Pocyyam) (kE) Z YIMIn{Pyy,p,) (0, L1, Potyyw) (), Py O]
This gives, forallt > 0,
Poayw) (k) = Y[Ppyyw) (O] = Ppyyuw)(©). ... (3.9.3)

Again, by putting « = a,, and § = 8, in inequality (3.9.2), we have
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Qb(aay,Aan,BB,) (Kt)
< n[max{Qp(sa,,sa,18,) () Db(aa, aaysa,) ) QbB BB TE) ) Cb(san,sanBpy) () Cb(Tp, 18,40, (3]

Taking the limit as n — oo and using Lemma (2.9), we get
Qb yyw) (k) < n[max{Qpy.y.u) (> Qoy.y1) ) Qowww) ) Dy ) Qb ww,y) (O}
so, we have forallt > 0
Dby, y.w) (k) < nmax{Qpyyw) (6, 0,0, Doy ym) (), Qo ww ) (O]
Doy y.w) (k) < N[Qbyyw) (O] < Qpyyw) (©)- ... (3.9.4)
forallt >0,

By lemma (2.8) ,(3.9.3) and (3.9.4), we have y = w.Now we prove thatAy = y. By putting & = y and
B = By ininequality (3.9.1), we get

j')b(Ay,Ay,BBn) (kt)
> Y[Min{Py(sy,sy,78.) ) Pocay,aysy) O Pos g s a8 O Poisy.sys8.) O Pocrp,rpaay) (O)]

Letting n — oo and using Lemma (2.8), we obtain

:Pb(Ay,Ay,w) (kt)
= lp[min{?b(Sy,Sy,w) (t); ?b(Ay,Ay,Sy) (t); ?b(w,w,w) (t): :Pb(Sy,Sy,w) (t): :Pb(w,w,Ay) (t)}

This gives

:Pb(Ay,Ay,w) (kt) = lp[min{?b(Sy,Sy,w) (t)' 1'1'?b(5y,5y,w) (t)r?b(w,w,Ay) (t)} But A)/ = S}/.ThUS,
forallt > 0,

?b(Ay,Ay,w) (kt) 2 lp[:Pb(Ay,Ay,w) (t)] 2 :Pb(Ay,Ay,w) (t) (3-9-5)
Again, by putting « = y and S = B, in inequality (3.9 2), we get

Qb (ay,ay,Bp,) (kt)
< nmax{Qpsy.sy,r8,) ) Qb(ay,ay.s9) (), Qb(BB,.88,,78,) ) Qb(sy,sv.88,) () Qb1 s, 18,47) ()]

Taking the limit n — oo and using Lemma (2.8) , we obtain
Qb (ay,ayw) (kt) < n[max{Qp(sy,syw)(£), Db(ay,ay.sy) (), Qo w,ww) (), Qi (sy,sy.w) (£), Qb w,w,ay) ()]
This gives
Qb ay,ayw) (kt) < n[max{Qp(sy.sy,w) (£, 0,0, Qp(sy.sy.w) (£, Qb(w,w,ay)(£)}] and so forall £ > 0,
Qb(ay,ayw) (k) < N[Qpay,ayw) (O] < Qpay,ayw)(D)-.. (3.9.6)
By lemma (2.8), (3.9.5) and (3.9.6) we get,Ay = w.Since Ay = Sy,wehave Ay =Sy =w =1y.
Now we prove that By =y.

By putting « = a, and S = y in inequality (3.9.1), we get
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Po(aay, Aay,y) (Kt
2 ll)[min{? b(San,sanTy) ) Poiaay,aay,sar) ) Poay,yry) () Poisan,sansy) (&), P b(Ty,Ty,Aan)(t)}

Taking the limit as n — oo and using Lemma 2.8, we obtain
Poyy.5y) (k) = YMIn{Poyy,19) (O, Poyy0) (O, Pocay. sy, (O, Poeyy,mr) (O, Pory,ry) (O}
Poyy.y) (k) Z YIMIn{Ppeyy.19) (0, L1, Ppyy,8y) ), Pocry,rypn (O}
Since y = wand Bw = Tw, thenBy = Ty.Thus, forall ¢t > 0,
Poavy.ey) k) = V[Ppyy.89) O] = Poiyy,ep) (@) ... (3.9.7)
Again, by putting by putting « = «,, and £ = y ininequality (3.9.2), we get

Qb(Aan,Aan,By) (kt)
< n[max{Qp(sa,,sany) () Cb(aan aansan) (O Coay,By.rv) (©) Qb(sansany) ) Qbry,Tya0,) ()]

Taking the limit as n — oo and using Lemma 2.8, we obtain
b (y,y.8y) (kt) < n[max{Qp(yy,1v) (), Lo,y (©), Db (By.By,7v) (8D, Lo y,1.8y) (£, Qb (y,17,y) (D)3]
which gives
Ob(yy.8y) (kt) < n[max{Qp(yy.1y)(6), 0,0, Qp¢y.y,89) (), Dby, Ty, ()}
and so forall t > 0,
Ouiy,y.8y) (k) < N[Qb(y.y.8y) (O] < Dby y, 5 (@) ... (3.9.8)

By lemma (2.8), (3.9.7) and (3.9.8), we obtain,By = y. Since,By = Ty, we have By =Ty = y.Soin
ally = Ay = By = Sy = Ty, thatis,yis a common fixed point of A, B, S and T.

To prove uniqueness, let y* € X be suchthat y* = Ay* = By* = Sy* =Ty".
By putting « = y and f = y* in inequality (3.9.1), we get

g)b(Ay,Ay,By*) (kt)
= lp[min{?b(Sy,Sy,Ty*) (t)' er(Ay,Ay,Sy) (t)' :Pb(By*,By*,Ty*) (t), ?b(Sy,Sy,By*) (t)' :Pb(Ty*,Ty*,Ay) (t)}]r

That is

Poyyyy (k) Z PIin{Ppe, (0, Poiyy ) 0, Poir ) O, Py (O, Pogy o) (0O}
So,
Poiyyy) kD) = Pmin{Ppe09 ), LL Poiyyrs ), Poeyen (O)]thus, forall ¢ > 0,
Poayy) k) Z Y[Puiyy) (O] = Poyy s (©).... (3.9.9)
By putting « = y and § = y* in inequality (3.9.2), we get

Qb(Ay,Ay,By*) (kt)
< n[max{Qp(sy,sy.ry*) (), Qb (ay.ay,sv) (), Qbsy* By, 1y () Qb (sy,sy.8y") () Qb (ry* 1y, ay) (D)]]

That is
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by (kt) < n[max{Qu(y,y,,) (6), Qbyyy) () Dby v (8D, Doy v (0, Do yyy) (D3]

So,

Qb(y.y,y*) (kt) =7 [maX{Qb(y,y,y*) (t)» 0,0, Qb(y,y,y*) (t): Qb(y*,y*,y) (t)}]

Thus, for all t > 0,

Dby kO < 1[Dbyyy) (O] < Dby (O
By Lemma 2.8, (3.9.9) and (3.9.10) we get,y = y".
If we put A = B in Theorem 3.9 we have the following corollary for three mappings:

Corollary 3.10. Let4,S and T be three self-mappings of an intuitionistic symmetric S;,-Menger
space(X, Py, Qp,*, <, k) with CTN * and CTCN < satisfying t *t = t and(1 — t)O(1 —t)<O(1 —
t)< (1 —1t)forall 0 <t < 1. Suppose Y,n € ¥ and there exist a constant k € (0,1) such that for all
a, € X and t > 0 the following conditions are satisfied:

Poaa,aa,ap)(kt) =
Y[min{P b(sa.sa1B) () Poaa,aasa) () Pocag,aprp) () Posasaap) ) Porprp,a) (t)}],and

Qp(aa,aa,ap) (kt)
< n[max{Qp(sa,sa,78) () Qb(aa,aa,sa) () Qbcap,app) () Qb(sa,sa,ap) () Qb(rprp,a0) (E)}]

If the pairs {4, S} and {4, T'} are weakly subsequential continuous and compatible of type (E),then 4, S
and T have a unique common fixed point in X.

Alternatively, if we set S =T in theorem (3.1), we will have the following corollary for three self-
mappings.

Corollary 3.11. Let4,B and S be three self-mappings of an intuitionistic symmetric S;,-Menger
space(X, Py, Qp,*, <, k)with CTN *and CTCN < satisfyingt *t > t and(1 — ) (1 —t)O (1 —t) <
(1—1t)forall 0 <t < 1.Suppose Y,n € ¥ and there exist a constant k € (0,1) such that forall , 8 €
X and t > 0 the following conditions are satisfied:

Poaa,aa,8p)(kt) =
¢[min{? b(sasa,s8) () Poaa,aa,sa) () Poip,sg,sp) () Po(sasansp) (), P b(SB,SB,Aa)(t)}]'and

Qp(aa,aa,8p) (kt)
< n[max{Qp(sa,sa,58) (t): Qb(aa,aa,50) () Qb(BB.BB.58) (L)) Qb(sasap) (), Qb(sp,sp.aa) ()]

If the pairs {4, S} and {B, S} are weakly subsequential continuous and compatible of type (E), then 4, B
and S have a unique common fixed point in X.

Alternatively, if we set S =T in corollary (3.3), we will have the following corollary for two self-
mappings.

Corollary 3.12. Letd,S be two self-mappings of an intuitionistic symmetric S,-Menger
space (X, Py, @p,*, <, k)with CTN * and CTCN < satisfying (1 — )1 - ) (1 —t) < (1 —¢t) for
all 0 < t < 1. Suppose ¥,n € ¥ and there exist a constant k € (0,1) such that forall @, € X and t >
0 the following conditions are satisfied:
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Poiaa,aaap)(kt) =
Y[min{P b(sasa,s8) () Pbacaa,sa) () Poap,apsp) () Posa,sa,ap) () Poisp.sp.ac) (0)}]and

Qpaa,aaap) (kt)
< n[max{Qp(sa,sa,58) (), DQb(aa,aa,50) () Qb(ag.ap.sp) (£, Qb(sa,sa,a8) () Qb(sp,sp,aa) (E)}]

If the pairs {4, S} are weakly subsequential continuous and compatible of type (E), then A and S have
a unique common fixed point in X.
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