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ABSTRACT

In the present paper, we extend and generalize a coupled coincidence fixed point theorem of Wang
et al. [13] in partial order N-fuzzy metric space. An example also given to illustrate the main result
of this paper.
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1. INTRODUCTION

The coupled fixed-point theorem has many applications. The coupled fixed point theorem was
firstly obtained by Bhaskar and lakshmikantham[1]. On the other hand, there exist many
generalizations of fuzzy metric space. See [Kramoand Michalek [5]. George and Veeramani [4].
Gahler [3] S. Sharma [10] S. Kumar [6] N. Malviya [7]. Yang[12].]

In 2015 N. Malviya [7] defined N-fuzzy metric space, which is the fuzzy structure of s-metric and
b-metric space. In 2014 Wang et al[15] has given new conditions on fuzzy coupled coincidence
point theorem. By inspiring above work, in this paper we proved a fuzzy coupled coincidence fixed
point theorem in partial ordered N-fuzzy metric space [NFMS].

2. Preliminaries

Definition 2.1 [5]. A map ¢: [0,1] x [0,1] x [0,1] — [0,1] is called a continuous t-
norm if it satisfies the following conditions:

Tio(a,1,1) = a, ¢(0,0,0)=0
Tpo(a,By) = o(ay,p) =By )
Tz (g, Bry1) = o (g, By V2 ) foray = ag By = Ba, 1 = 72
examples of t-normare (1): a o oy =a.f.yand (2): a ¢ B oy = min{a, B,y}(H — type)

A t-norm o is said to be positive if a ¢ g > 0 for all «, g € (0,1]. Obviously, ¢; and ¢, are
positive t-norms.

The concept of N -fuzzy metric space is defined as follows:

Definition 2.2[7]:- A triplet (X, N,¢) is an N- fuzzy metric space(N F M S), if X is an arbitrary
( non-empty) set, ¢ is a continuous t-norm and N is a fuzzy set on X3 x (0, ) satisfying the
following conditions for all a, 8,ye X and t,u,v > 0:

O N B, v, ) >0
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(i) N(a, B, v, t) =1lifandonlyifa= =y

(iii) N(a, B, v, u+v+t)= N(a, a, & u) oN( B, B, & v) o N(y, y, & t) for
all ¢ eX.

(iv) N(a, B, v, .): (0,00) = (0,1] is a continuous function.

Example 2.1.[7] Let X = R be areal line and S be an S-metric on X defined by
Sapy)=la-vI+[B-vl
S@py)=1p+y-2al+[B- vl
Define poqor = pqr for every p,q,r € [0,1] and let N be the function on

X3 x (0,00) define by N(a, B, y, t) =mforall a B,y €Xandt>D0.

Then (R, N,¢) is an N-fuzzy metric space but it is not an Q — fuzzy metic space and an M —
fuzzy metic space because N is not symmetric.

Example 2.2.[7] Let X = R be a real line and S be an S-metric as defined in above Example
2.1. Definep o q o v = pqr for ever p,q,r € [0,1] and let N be the function on X3 X (0, ©)

. [S(a.ﬁ.y)] -1
defined by N(a, B, v, t) = [exp t ] foralla, B, y € Xand t>0.

Then (R,N,0) is an N — fuzzy metic space, but it is not an Q —
fuzzy metic space and an M — fuzzy metic space because N is not symmetric.

Lemma2.1.[7]. N(a, «, B, .) Is nondecreasing forall «, B in X.

Definition 2.3[7]: - A sequence {a,}in (X,N,o) is convergesto a € X if N(a,, @, a,t) =
lor N(a, a,a,,t) > 1 as n— oo for each t > 0.That is for each ¢ > 0 and t > 0 there
exists ny € N such that for all n > ny, N(a,, a,, a,t) >1—€or N(a, a,a,,t) > 1 —¢€.

Lemma 2.2.[7] Let (X,N,0) be an N — fuzzy metic space,where o is minimum t —
norm (H — type). Let {a,} be a sequence in X. If {a,} converges to a and {a,} also
converges to § then a = B. That is the limit of {a,,} if exists is unique.

Definition 2.4[7]: - Let (X, N,o0) be an N — fuzzy metic space and {a,,} be a sequence in X
is called Cauchy sequence, if for each € > 0 and t > 0 there exists n, € N such that

N(a,, ap, am, t) >1—¢€
or

N(am, O, ay, t) > 1 —€eforalln,m = n,.
Definition 2.5[7]: - Let (X,N,o0) be an N — fuzzy metic space. If every Cauchy sequence
in X is convergent in X, then X is called a complete N — fuzzy metic space.

Lemma 2.3[7]. Let (X,N,0) be an N — fuzzy metic space,where o is minimum t —
norm (H — type) and {a,} be a sequence in X. If {a,} converges to «a, then {a,} is a
Cauchy sequence.

Proposition 1.1[7]:- Let (X, N,¢) be an N-fuzzy metric space, then forall «, f € X and t >

0, we have N(a,a,,t) = N(B, B, a, t).
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Definition 2.6 ([9]) Let g and f be two self-mappings on a nonempty set X(i.e, g, f: X —
X).If gz = fz for some zeX.Then z is called a coincident point of gand f. The mapping g
and f are said to be weakly — compatible if they commute at their coincident point, i.e.,

(9f)z=(f9)z

Definition 2.7[10] Let ¢ = {@:R™ - R*}, where R* = [0, +o0) and each @ € ¢ satisfies
the following conditions:

(@ — 1) @ is non-decreasing.
(@ —2) @ is upper semicontiguous from the right.
(p —2) X2, 0™(t) < +oo forall t > 0 where "1 (t) = @(0™)(t), neN.

Definition 2.8[3] Let (X, <) is the partially ordered set and G be a mapping from X to itself. A
sequence {«,,} in X is said to be non-decreasing if for each neN, a,, < a,+1. A mapping g: X —
X is called monotonic increasing if for all &, feX with a < B, f(a) < f(B).

Definition 2.9[6] Let (X, <) is the partially ordered set and G: X —» X and f: X — X be two
mappings. The mapping G is said to have the mixed f-monotone property if for all a;, a,eX
with a; < a,, f(ay) < f(ay) implies G(aq,B) < G(ay, B) for all BeX , and for all
BuB2€X, f(B1) < f(B,) implies G(a, B,) = G(a, B,) Tor all aeX.

Definition 2.10[1] An element (&, 8)e X X X is called a coupled coincidence point of the
mappings G: X X X - Xand f: X - X if

G(a, B) = f(a), G(B,a) = f(B),
Here (fa, fB) is called a coupled point of coincidence.

Lemma 2.3 [13] Let 7: [0, 1] = [0, 1] be a left continuous function and o be a continuous t-
norm. assume that 7(a) ¢ 7(a) > a for all ae(0,1). Then t(1) = 1.

3. Main Result

Theorem:3.1 Let (X, N,o) be an N — fuzzy metic space with a continuous and positive
t-norm let < be a partial order defined on X. Let f:(0,) — (0,00) be a function
satisfying f(t) <t for all ¢t >0 and let 7 :[0,1] - [0,1] be a left continuous and
increasing function satisfying 7(a) o 7(a) > a forall a € (0,1). Let F: X x X — X and f
: X — X be two mappings such that F has the mixed g-monotone property and assume
that f(X) is complete. Suppose that the following conditions hold:

(i) F(X x X) < f(X),
(i) we have
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NIF (a, B), F(a, B), F (v, 8), o ()12 T[N[f (), f (@), f (¥), t] e NIf (B, £ (B), f (), t]]
3.1)

forall a,8,y,8 € X, t>0 with f(a) < f(y) and £(B) = f(5),

(iiiy 1fanon-decreasing sequence {«a,,} — «a, then a,, < a forall n € N U {0},
(iv) If a non-increasing sequence {f5,}— g, then §,, = g for all n e N U {0}.

If there exist a, By € X such that f(ag) < F(ag, Bo) ., f(By) = F( Loy ay) and

NTf (o), f (@0), F (o, Bo), t] © NLf (Bo), f (Bo), F ( Bo, o), t] >0 for all t>0
Then exist a°, B° € Xsuchthat f(a*) = F(a’,B°), f(B°) = F(B’,a°)

Proof: let ay, o € X such that f(ay) < F(ag, Lo), f(Bo) = F(Bo o)
Define the sequence {a,} and {£,} in X by

f(@ns1) =F (an, Brn) and f(Bn+1) = F(Bn an) forallne N u {0}.
Along the lines of proof of {17}, we see that

f(an) <f(an+1) and f(Bp) = f(Bn+1), forallneN U {0}. 32
By (3.1) and (3.2) we have
NIf (1), f(@1), f(az), t] 2 N[f (1), f(a1), f(@2), o(1)]

= N[F(ao, Bo), F (@0, Bo), F (a1, 1), 9 ()]

2 7[N{(ao,), f(@0,), f(a1), t} o N{f(Bo), f(Bo), f(B1), t}]

> N{(ao,), f(ao,), f(@1),t} o N{f(Bo), f(Bo), f(B1), t} > 0,
for all t>0 (3.3)

And

NIf (B, f(B1), f(B2), t]1 = NIf(B1), £ (B, f(B2), ¢ (D)]
= N[F( ﬁO' aO) ) F( :BOI aO) , F( ,81' al) ’ (p(t)]
2 T[N{(Bo ), f (Bo ), f(B1), } o N{f (o), f (o), f (1), t]]

> N{(Bo ), f(Bo) f(B1),t} o N{f(ao), f( o) f(a1),t} >0,
for all t>0 (3.4)

Since o is positive, we have

NIf (1), f(a1), f(az), t] o N[f(B1), f(B1), f(B2), t] >0, vt>0
Repeating the process (3.3) and (3.4), we get

NIf(az), f(a2), f(@3),t]1 > 0 and N[f(B2), f(B2), f(B3),t] > 0 vi>0
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And further we have

NIf (a2), f (a2), f (a3), t] o NIf(B2), f(B2), f(B5), t] 1> 0 vt>0

Continuing the above process, we get, for each neN,

N[f (an), f(an), f (an41),t] > 0 vt>0
And

NIf (B f (Bud, f (Br+1), 1> 0 vt>0
Since o is positive, one has

NIf (@), f (an), f (@n41),t] © NIf(Br), f(Br), f(Brs1),t] >0, vn € N,vt>0.

Now we prove by induction that, for each n € Nand k € N with k >n, one
has

NIf (), f(an), f (ai), t] © NIf (Bp), £ (Bn), f(Bi), t] > 0, vt>0 (3.5)

Obviously (3.5) holds for k = n. Assume that (3.5) holds for some k € N with k > n,
then we have

NIf (@), f(@n), f (@res1), 8] 2 NIf (@), f (@), f (@), /310 NIf (@), f(@n), f (@), E/3]0
NIf (@), f (@), f (@rs1), /3]

Since N[f (an), f(an), f (@), t/31>0, NIf (), f (@), f (@r41),t/3] >0, and o is

positive, we have

N[f(an)'f(an)lf(ak+1)l t] >01 vt >0.

Similarly, we have
NIf (Bn), f(Bn), f (Bk+1),t] >0, vt >0.
Therefore, (3.5) holds forall k € N with k > n.

Now we use the method of Wang[22] to show that both { f(a,)}and { f(5.)}
are Cauchy sequences. Fix t>0. Let

Xn = INEN[f (an), f(an), f(ai), t] o NIf(Bn), f(Bn). f (Bi). ]
For k >n+1, by (3.1) and (3.2) we have

NIf (@n+1), f(@ne1), f(@i), 1] 2 NIf (@n41), f(@nia), f (i), (0]

= 7[N{(an), f(an ), f (@k-1), 1}
o N{F (B, f (B, f (Bre—1), t}]

Similarly,

NIf (Brs1)s f (Bra1), f (Bi) t] = T[N{(an ), f (a7 ), f (1), t}
o N{f(Bn), f(Br), f (Bre—1), 3]
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So, by (3.5) and the hypothesis we have
NIf (an+1), f(@ns1), f (@), t] © NIf (Bns1), f (Bus1), f(Bi), t]

>0? T[N{(aty ), f (atn ), f (@r-1), t}
o N{f(Bn), f(Br), f (Bi-1), t3]

= N{(an), f(an ), f(ar-1), t}
o N{f(Bn), f(Br), f (Bi-1),t3>0. (3.6)

Which implies that
Xnt1 = Xp > 0.

Since {x,} is bounded, there exists x € (0,1] such that lim x,, = x. Assume that x < 1.
n—-oo

Since t is increasing, we have
o [t[N{(an ), f(@n), f (@r-1), t} © N{f (Brd, £ (Bn) f (Br-1), t}]]
> o2 [ inf [t[N{(an ), (@) f(@1),t} @ NFCB, FCBa)sf (Be-r), 1]
And further

nf o2 [T[N{(@n ), f(@n ), f (@1, 8 0 NFCB) F B f B, 1]
> o2 [ inf [t[N{(@n ), f (@ ), (@16} © NUFC), FCBa). f (Bemn), 1]

kzn+1

3.7)
Form (3.6) and (3.7) it follows that

NE NIF(@n12), f (@), F(@0, 6] © NIFBran)s f Brs)s F(Bi. 1]
> o2 [c[ inf [N{(atn ), f (@ ), f(@1),t} © NUFCB) FCBa)f Ben) B3

kz2n+1

ie.,
Xns1 = T(xy) © T(xy), vheN
Since t is left continuous, by hypothesis we get
x = 1(x)ot(x) > x.
this is a contradiction. So x = 1.
For any given € > 0, there exists n, € N such that
1—x, <eforaln =n,,
Thus, for each k > n = n,,

N[f (@), f (), f(ai), t] © NIf(Bn), f(Bn), f(Bi)t] > 1 ¢,
Which implies that
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Min[N[f(an) f(an), fa), t] o NIf(Br), f(Br), f(Br), t]] > 1 —&.

It follows that both { f(a,,)}and { f(B,,)} are Cauchy sequences. Since f(X) is complete,
there exist a®, B° € X suchthat f(a,) = f(a*)and f(B,) = f(B°)asn — oo.

By hypothesis, we have

flan) < f(a®)and f(Bp) = f(B°), k €N (3.8)

Now, for all t > 0, by (3.1) and (3.8) we have

N[F(a’,B°),F(a’, B°), f(a’),1]

> NIF(a®, ), F(a’, ), F(a, Bn), t/3)o NIF (a, B*), F(a°, B), F (etn, Bn), /)]
N[F (@, Bn), F (@, Br), f (@), b/3]

> N[F(a’,f°), F(@", B*), F (@, Bn), 0 (/3)]e NIF (a, ), F (e, B°), F (an, B), 0 (*/3)]e
N[F(anr ﬁn)'F(an' .Bn)lf(ao)' ¢(t/3)]

> T[N[f(a*), f (@), f(an), t/310 NIF(B), F(B), £ (Ba), t/31 0

TIN[f (@), f (@), f(@n). E/3] e NIF(B), £ (B, £ (Bn) t/51] @
N[F(ay, Bn), F(an, Bn), f (@), 9(¢/3)] (3.9)

Since 7 is left continuous and ¢ is continuous, letting n — oo in (3.9), we get
N[F(a’,B°),F(a’,B°), f(a’),t]
> limt [([N[f (@), £ (@), f (), /3] © NIF (B, £ (B, £ (B, /511 o
[e[N[f (@), f (@), f(@n), t/3] o NIF(B®), F(B%), f(Bn), E/31] 0
N[F(atn, Bn), F(@n, Bn), f (@), 0(t/3)]
=7(lol)er(lol)el=1, vt >0.

=1¢101=1, vt >0

It follows that F(a®,B°) = f(a®) . similarly, we can prove that F(S°,a®) = f(B°). This
completes the proof.

If o(t) =t forallt>0 in theorem 3.1, we get following corollary.

Corollary 3.1 Let (X,N,0) be an N — fuzzy metic space with a continuous and
positive t-norm let < be a partial order defined on X. Let 7:[0,1] — [0,1] be a left
continuous and increasing function satisfying 7(a) ¢ t(a) > a forall a € (0,1). LetF : X
x X — X and g : X — X be two mappings such that F has the mixed g-monotone property
and assume that g(X) is complete. Suppose that the following conditions hold:

() FXxX)<g(X),
(i)  we have

N[F(a,B), F(a,B),F(v,6), p(O)12 T[NIf (@), f (@), f (¥), t] e N[ (B), £ (B), £ (), t]]
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forall a,8,y,6 € X, t>0 with f(a) < f(y) and £(B) = f(5),

(iit) Ifanon-decreasing sequence {a,} — X, then a,, < «a forall n € N u {0},
(iv) If a non-increasing sequence {5, }— £, then g, = S for all n e N U {0}.

If there exist a, By € X such that f(ay) < Hao, Lo), f(Bo) = F(By ay) and

N[f (@), f (a0), F(ag, Bo), t] © N[f (Bo), f (Bo), F(Bo, o), t] >0 for all t>0
Then exist a*, B € X suchthat f(a*) = F(a*,8%), f(B°) = F(B°,a")

Letting f(a) = a for all @ € X in Theorem 3.1 and corollary 3.1, we get the following
corollaries.

Corollary 3.2 Let (X,N,0) be an N — fuzzy metic space with a continuous and
positive t-norm let < be a partial order defined on X. Let f: (0, 00) — (0, o) be a function
satisfying f(t) <t for all t >0 and let 7:[0,1] —» [0,1] be a left continuous and
increasing function satisfying t(a) ¢ t(a) > aforalla € (0,1). LetF: X xX — X and g
: X — X be two mappings such that F has the mixed g-monotone property and assume
that g(X) is complete. Suppose that the following conditions hold:

(i) we have

N[F(a, B), F(a,B), F(v,8), p() ]2 t[N[f (), f (@), f(¥), t] e NIf (B). f (B, f (), t]]
forall o, 8,y,8 € X,t>0 with f(a) <f(y)and f(B) = f(6),

(i) Ifanon-decreasing sequence {a,}— aforallneN uU,thena, < aforallneNuU

{0},

(iiiy If a non-increasing sequence {f,,} — B, then B, = p for all n e N u {0}.

If there exist ay, Sy € X such that f(ay) < Hag, o), f(Bo) = F( By ap) and

N[f(ao):f(ao)’ F(“O’ﬁo)’ t] 0 N[f(ﬁo):f(ﬁo)» F(ﬁo:ao):t] >0 for all t>0
Then exist a®, B° € X suchthat a®° = F(a°,8°), B° = F(p°,a)

Corollary 3.3 Let (X,N,o) be an N — fuzzy metic space with a positive t-norm. let < be
a partial order defined on X. Let 7 : [0,1] — [0,1] be a left continuous and increasing function
satisfying t(a) ¢ 7(a) > a forall a € (0,1). Let F : X x X — X and assume F has the mixed
monotone property. Suppose that the following conditions hold:

(i) We have

N[F(a,B), F(a, B), F(y,8), ()= [N[f (@), f (@), f(¥), t] « NLf (B), F(B), f(6), ¢]]
(3.1)

forall a,B,y,6 X, t>0 witha <y and g = 6,
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(i) 1fanon-decreasing sequence {a,}— X, then a,, < a forall n € N U {0},
(iiiy 1f a non-increasing sequence {f,,} — B, then B, = p for all n e N u {0}.

If there exist ay, By € X such that ay < F(a, o) » Bo = F( By, ap) and

N[f (ao), f (@), F (o, Bo), t] © N[f (Bo), f (Bo), F (o, ao),t] >0 for all t>0
Then exist a°, B° € Xsuchthat a° = F(a’,B°), B°=F(B°,a%)
Theorem 3.1 by modifying, as following.

Example 3.1 Let (X, <) isthe partially ordered set with X=[0, 1] and the natural ordering < of the
real numbers as the partial ordering <. Define N: X3 X (0, o0) by

_[[a—yHI ﬁ—Yl]
N(a, B, v, t)=¢e t

Let poqgqor=pqr for al p, qre[0,1]. Then Let (X,N,o) be an N —
fuzzy metic space.

forall a, B,y € X, t>0

1
Let p(t) = tforall t > 0 and t(s) = s3 for all se[0, 1]. It is easy to see that 7(s) o 7(s) >
s for all se(0, 1).

Define the mappings f: X — X by
f(a) =a? VaeX, andF:X - X > X by

a’-p% 2
3 +3, a,B eX.

F(a,p) =

Then F(X X X) © f(X), F satisfies the mixed f — monotone property. Obviously f(X), is
complete.

Let oy = 0and By = 1, then f(ay) < F(ay, o) and f(By) = F(Bo, @p)-
Moreover, N[f (ao), f (@), F (eto, Bo), t] © NIf (Bo), f (Bo), F ( Bo, ), t] >0 for all t>0.

Next we show that for all t >0 and all «,p,y,deX with f(a) < f(y) and f(B) =
f(é), i.e.,

a <y and =4, one has

NIF(a, B), F(a, B), F(y,8), 11> [N[f (@), £ (@), f (), t] NIF(B),£(B). £ (8), e]s

We prove the above inequality by a contradiction. Assume

N[F(a,B), F(a, B), F(y,8),tI< [N[f(a),f(a), f(¥),t] NIf (B, f(B), f(6), t]§
Then

_2[[a2—321/3 - |72—62|/3]
e t <e

[a? —y?] — | B2 = 82| > [a® —v?] + | B* — 82|

_z[laz—vzl | Bz—szl]
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This is a contradiction. Thus, (3.10) holds. Therefore, all the conditions of theorem 3.1 are
satisfied. Then by theorem 3.1 we conclude that there exist a°, f° such that f (a°) =

F(a°, ) and f (B°) = F(B°,a°). Itiseasy toseethat (a°, B°) = (‘ér‘@' as desired.
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