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Introduction and Preliminaries

In the histry of Mathematical analysis asymptotically regularity was introdused by Browder
and Petryshyn [1] in 1966 , these maps plays a great role in fixed point theory.
On the other hand, Due to wide applications many generalizations of metric spaces are exist
in Mathematics.Some of important generalizations are given in[2,4,5,6,8-19]. Recently in
2022, Fernandez et. al. [3] defined N,-fuzzy metric space, quasi N,-fuzzy metric space and
pseudo N,-fuzzy metric spaces. They proved various theorems related to convergence of
sequences and analyze topology of symmetric N, -fuzzy metric spaces. Very recentaly Malviya
N[11]. define assymptotically regular sequence and maps in N, -fuzzy metric spaces and proved
a fixed point theorem.

In this paper, we proved two fixed point theorems for generagized condition using

assymptotically regular maps in N,-fuzzy metric space.

DEFINITION 1.1[20]:-A mapping *: [0, 1] x [0,1] x [0,1] — [0, 1]is called a continuous t-
norm if ([0,1], *)is an abelian topological monoid with unit 1 suchthat a * b < ¢ * d for a <

¢, b < d.Examples of t-norms are a * b = min{a, b},a *b = aband a * b = max{a + b —

1,0}

DEFINITION 1.2[3]:- A triplet (X, Ny, *, k) is an N, -fuzzy metric space, if X is an
arbitrary set, * is a continuous t-norm, k > 1 is a real number and N, is a fuzzy set on X3 X
(0, wo)satisfying the following conditions for all x,y,z,a,€ X andr,s,t > 0

53 | Siddhanta’s International Journal of Physics, Chemistry, Mathematics | ISSN: 3107-4618 | Vol. 2(1), 2026


mailto:maths.neeraj@gmail.com

Siddhanta's International Journal of Physics, Chemistry, Mathematics

iernational Peer-Reviewed Open-Access Annual Research Journa S5M: 3107-4618 | Vol. 2(1]), 2026 mpact Factor: 9_5

(1) Np(x,y,2,t) >0

(2) Ny(x,y,z,t) =1lifandonlyifx =y =2z

(3) Ny(x,y,z,k(r+s+t)) = N(x,x,a,r) * N(y,y,a,5) * N(z,z,a,t)
(4) Ny(x,v,2,.):(0,00) — (0,1) is a continuous function.

For other definitions related to N, Fuzzy metric Space reader can refer [2]

DEFINITION 1.3[20]:- A mapping @ : [0,1] — [0, 1] is called an altering distance function
if

(1) o is strictly decreasing and left continuous.
(i) e(A) =0 ifand only if L =1
e, @111{1_ ?(1) =0.

DEFINITION 2.1[11] :-Let p and g be self mappings on a N,,- fuzzy metric space (X, Ny, *,
k) and {x, } be a sequence in X. p is said to be asymptotically regular at a point x,€ X if

(1im Ny ™ (), " (x0), p™ (%), £)) = 1, V 1> 0.

n—oo

Also the sequence {x,} is said to be asymptotically regular with respect to the pair (p, q) if
lim Ny (p (), p(xn), 4 (x5), 1) = 1, V £> 0.

Main Results :

THEOREM [2.17:- Let p: X —» X be a mapping on a complete symmetric N fuzzy metric
space (X, Np, *, k) and ¢ is the altering distance function. If p is asymptotically regular at a
point Xg€ X and p satisfies,

O(N,(p(x), p(x), p (), 1))
=< hl mln{Q)(Nb (X, XY, t)), Q(Nb (p(x): p(x)r X, t))r Q)(Nb (p(x)l p(x): YV t))}
+ hy, min{@(N, (x, x,9,0)), 8(N, (0, (»), ¥, 1)), O(Np, Cx, %, p(¥), 1))} ...... (1)

For all 2, y€ X, t > 0, where hy, h, > 0 are constants such that h; + h, < 1,Then p has a
unique fixed point in X.

Proof. We construct a sequence {x,} in X by x,,1 = p(x;,) V n € N U {0}, where x, € X.
If there exists n with x,, = x,,4.1, then x,, is a fixed point of p. Suppose that x,, # x,for all
n.

To show that {x,} is a Cauchy sequence.

Letm, n € NU {0}. From (1)

B(Ny (), D (%), D (%), )
< by min{@(Ny (xn, X, X, 1)), B(Np (0 (), D (), X, 1) ), O(Np (0 (), 2 (), X, 1)) }

+ hzmi n{Q(Nb (xn: Xnr Xmo t)): Q(Nb (p (xm): p (xm)' Xm» t))' Q) (Nb (xn: Xn, D (xm)' t)}
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Since, p 1s asymptotically regular at xy € X, taking n, m — oo,
Jim_ 9(N, (pGen), P (i), p(0m), ) = 0
= lim N,(p(xn), 0(%n), p(xm), 1) = 1.

Le. {x,} is a Cauchy sequence in (X, Ny, *, k), since X is complete, therefore x,, = z(say) in

X asn, = o0,

Existence of fixed point :Using (1)
Q)(Nb (n+1,Xn41,0(2), t)) = Q)(Nb (P(xn), p(xn ), p(2), t))

= hl min{@(Nb (xn' Xn, Z, t)): Q)(Nb (p(xn ); p(xn )' Xn t))r (Nb (p(xn )' p(xn )' Z, t))
+ hZ min{@(Nb (xnl Xn, Z, t)), Q)(Nb (p(Z), p(Z), Z, t))' Q)(Nb (xn » X p(Z), t))}

= B(Ny(2,2,p(2),t)) = 0

= p(z) = z, establishes that z is a fixed point for p.
Uniqueness can be shown easily.

Hence, = is the unique fixed point of p.

THEOREM [2.2] - Let (X, Np, *, K) be a complete symmetric Nytuzzy metric space, @ be
the altering distance function and p and q be two commutative self-mappings on X such
that

B(Npy(p(x), p(x),p), 1)) < k1[B(Np(q(x),q(x),q(), 1)) +
ky (D(Ny(q(x), q(x), p(¥), ) + B(N, (q(»), g, p(¥), )] ————————(2)

Where x,y€ X,t >0and k; : R—>[0,1) fori=12and 0 < ky.k, < 1.
Moreover if

(1) p and q are asymptotically regular at x,.

(i) p(X)Eq(X),
(i)  p(X) or q(X) is a complete subspace of X ,

then p and q have a unique common fixed point.

Proof. Let xy € X. Since p(X) € q(X), define a sequence {u,} by up41 =
p(x,) = q(xp41),n € N U {0}. Again since p and q are asymptotically regular at
X0,

lim @(Np () U Un41,£)) = 0 == (3)

To show that the sequence {u,} is cauchy.
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Suppose, theres exists 0<€<1 and two sequence of integers
{r,} and {s,}such that r;, > s, > n,

Np (U, Uy, U, t) <1 —€,

Nb (urn—lru‘rn—liusn—b t) > 1-F,

Np(uy, 1, Uy, —1,Us , t) > 1—€,Vn € N U {0}, ————r- (4)

Following the technique applied in theorem 2.2 of [117] we can show that

im Ny (ur, s, U,y t) = 1-€, 6> 0 ——eeee(5)
? (Nb (urn+1»urn+1»usn+1't)) =0 (Nb(P(xrn)'P(xrn)'P(xsn): t))
< k[0, (a(xr,). a(xr, ) a(x5,))
+ky (8 (No(a(xr, ), a(xr, )0 (32,), )
+ 0N, ((axs,), 905, p(x,).0)))]

Taking n = o0 and using (3) and (5) we have
P(1—-€) < k,0(1—€) < 9(1—€)

a contradiction. Hence {u,} is Cauchy sequence.
Suppose that q(X) is complete, then there exist v € q(X) such that

lim u,, = v. Also, for some z € X we have q(z) = v.

n—-oo

Now,

B(Ny (p(2),p(2), tns1,t)) = B(Np(0(2), p(2), p (), 1))
< k; [0(Ny (a(2), 4(2), 4(xa), 1))

+ Iz (0N, (0(2),p(2), 4(2), 1)) + B(Np (P (), D), 4 (), 1)))]
Forn — oo,
B(N, (p(2), p(2), v,0)) < ki [k28(N, (p(2), p(2), v,0))]
= (1= ky. k2 )O(Np (p(2), p(2),v,8)) = 0
= (N, (p(2),p(2),v,1)) =0
=>p(z)=v
Therefore p(z) = v = q(2) i.e., z is the coincident point of p and q.

Next, from (2),
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o (M (p(p().p(p(2)),p(2).1))
<k [0 (N (a(p@), a(p(@)), 4(2), 1))
+k; ((z) (M (2 (p(2).0(p(D), a(p(D), 1)) + (N, (P(2), p(2), 4(2), t)))]

= k; [0 (N (p(a(2),p(4(2)), a(2), 1))
+ k2 (0 (M (p@), P (@), D), 1)) + BN (P, P (), (), ) )
(since pq = qp)
= Iy [0 (N (P(p(2)), p(P(2)),(2), 1))
+1 (0 (N (p(0@),P(P@), P (P, 1)) + O (N, (2D, p(2),p(2),0) )
= k18 (N, (p(p(2)), p(0(2)), p(2), 1))
> (1= kD8 (N (p(p(@),p(p(2),p(2), 1)) = 0
=0 (M (P(p(@),p(P(2)),p(2),t)) = 0
=>p(p@) =p@) =v

Similarly, q(q(z)) =q(z) =v.

Hence v is a common fixed point of p and q. If v;is another common point fixed point of p

and g, then

O(N, (p(W), p(v), p(v1), 1))
<k [2(Ny (9, (), 4 (1), 1))

+ ez (@(N, (), p(¥), 40D, 1)) + B(Ny (0 (1), P(v1), (w1), 1) )|

= (D(Nb(v, v, 1y, t))
<k, [(Z)(Nb (v,v, vy, t)) + k, (Q)(Nb (v,v,v, t)) + (Z)(Nb (v1, V1, V4, t)))]

= (1- k1)®(Nb(v, v, Vq, t)) =0
=2V = 171

Hence p and g have a unique common fixed point in X.
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