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Abstract

In present paper, we introdue the notion of € -chain in extended S;,- metric space and provide
supporting example. As an application of & -chain we prove a new result of fixed point using
contration condition in extended S,- metric space .
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1- Introduction and Preliminaries

In 2012, Sedghi et al.[11] defined a generalization of G metric space which is called S-
metric space. In 2016, Souayan N. et al. [13]introduced the S,-metric space as a
generalization of the b-metric space and S metric Space , and proved some fixed point
results under different types of contractions in a complete S,-metric space. In 2017, Rohen
Y et al. [10] modified the definition of S;,--metric and prove some coupled common fixed
point theorems in S,-metric space.In 2018 , Mlaki et al. [9] introduesed the notion of
extended Sj,- metric space which generalized the S;,-metric space.

On the other hand, in the history of topology ¢ -chain plays a very important role in defining
connectedness in metric space. Firsty in 1883 Cantor defined connectedness with the help
of ¢ -chains which have been studied extensively by many mathematicians [see Reference
1,2,3,4,5,6,7] .

After introduction and preliminaries in section-2 we have defined € — chain in extended
Sp-metric space with examples and proved a fixed point theorem using contractive
condition.

Definition 1.1[9]: Let X be a nonempty set and a function 8: X3 — [1, ). An extended S,
metric on X is a function Sy : X3 - [0, o) that satisfies the following conditions for all
x,y,za€X.

1. Se(x,y,z) =0ifandonlyif x=y =12z
2 Se(x,y,2) < 0(x,y,2) [Se(x,x,a) + Sg(y,y,a) + Sg(z,2,a)]

Then the function Syis called extended S, - metric and the pair (X, Sy) is called extended
S,-metric space or Sy metric space.

Definition 1.2[9]. Let (X, Sg) be a extended S, -metric space then Sy is called symmetric if

So(x,x,¥) =Sg(y,y,x) Vx,y € X (Symmetric Property)
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For the definitions of convergence and Cauchy sequence in extended S; metric space reader
can refer [9]

Example[9] Let X = [O,i]. Define Sg : X3 - [0,00) by Sy(x,y,z) = (max{x,y} — z)?
And @ : X3 > [1,0) by 6(x,y,z) = max{x,y} +z + 1
Thus, (X, Sp) is a completed extended S, -metric space.

2.Main Results :

Definition 2.1:- Let (X, Sp) be an extended S;,-metric space. An - chain is a finite succession
of points ag, a; a, ........ay_1,a, InX suchthatSe(a;—1,a;—y, a;) <efori=12,...n
The integer n is called the length of the & — chain.

Definition 2.2 :- A space (X, Sp) is € -chainable (& -connected) if every pair of points in it can
be joined by an € -chain of points in the set X and ( X, Sg) is called chainable if it is £ -chainable
for each positive € .

The space (X, Sg) is called complete chainable S,-metric space if every Cauchy
sequence converges in it.

Throughout this paper length of ¢ -chain between any two points x and y in X means length of

shortest € -chain between points x and y in X.
Example 2.1 X =AU B and Sy be the metricon X x X x X to R*defined by
Se(x,y,2) = (max{x,y} — z)?

And 0 : X3 - [1,) defined by 6(x,y,z) = max{x,y} +z + 1

where
A={0,1/4,1/8 }and B= { 1/4% , 1/8?%, 1/(16)*}
Then Y is & - chainable for e = 1—16 and length of biggest € -chain in X is 5.

Theorem 2.1: Let (X, Sy) be a complete ¢ -chainable symmetric Sg-metric space and let f, g
be two self maps of X ,if

€ =Se(fx, fx,9y) < a1Se(y,y, fx) + 25 (x, x,y)_(1)
for all x,yeX where a4, a,, are non negative reals. And

lim ( 3Ma1 H(xn » Xn ,xm) + aq + az) <71l....... (2)
mn—oo
lim O(x,,x, , x)2k) <1 ......... ...(3)
m,n—oo

where M is the length of the biggest ¢ -chain in space (X, Sy) such that M > 0. Then f and
g have unique common fixed point.

Proof. We define a sequence {x,} as follows
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[Xan41 = Xon and gXoniz = Xon41 for n=0,123 - —

If X,, =X,,,, =X%,,,, for some n, then we see that X, is a fixed point of f and g therefore

we suppose that no two consecutive terms of sequence {x,,} are equal. If N is the length of

& -Chain between x,,,; and x,,,, then g -chainability of (X, Sy) gives.
So(Xan+1 » Xon+1 » Xont2)< Ne

< Mg asM =N

=MSo(fX2n+1 » fXan+1 , G%an+2)  USING (1)
< M{a1Sg(onsz s Xant2 » fXon1)t @2Se(Xant1 » X2n+1 » Xan+2)}
=M{a1S9(Xan+2 » X2n+2 » X2n)t Q2Sg(Xon+1 » Xan+1 » Xan+2)}
=M{ a;Sy(X2n+1 » Xane1 » Xont2 )+ A1Se(Xone2 » Xantz » X2n)}

(by symmetric property )

< M{a;S¢(Xan+1 » X2n+1 » Xon+2 )+
+a10(X2n42  Xan+2 » X2n) {280 (Xzntz » Xant2 » X2ne1 )+ So(Xan, Xan » Xan+1 )}
For sake of convinence let 8; = 6(X2p42 » X2n42 » X21)
= [1-M (20101 + a3 )ISe(Xzn+1 ) X2n+1 » X2nez ) S M{01a1)Sg(X2n , X2n » X211 )}

_ M{01a,)
= Sg(X2n+1 > X2n+1 ) Xon+2 ) = [1—M (261a, + a, )] So(X2n » X2n » X2n+1 )
1 2

In general
M(01a,)
[1-M (201a, + a,

= Se(xn'xn » Xn+1 ) = )] Se(xn—l 1 Xn—1,Xn )

M(01a,)
[1-M (201a4+ a, )]

= Sg(Xn, Xn  Xn41 ) =k Sg(xp—1 ,Xn—1 ,%, ) Where k =

= Sg(xn, Xpn , Xne1 ) = k™ Sg(xg , %0 ,x1) for n=123——

Now we prove that {x,,} is a Cauchy sequence, if m,n are positive integers such thatn < m

then we have.
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= Se(xn'xn 1 Xm ) < Q(Xn »Xn » Xm )(Zk)nse(x1 » X1, Xg ) +

O(xXn ,Xn  Xm )0 (X1  Xnp1 » Xm )(Zk)n+159(x1 X1 ,X0 )

A0y s Xn X ) (Xns1 > Xna1 »Xm ) wee v e @ (Xt » X1 » Xm VK™ L Sg (21 , %1 , %0 )
Consequently , we obtain

Se(xn'xn y Xm ) <
[0Ccx %1 ,xm )O(x2 X2, Xm ) e e O(xn-1,Xn-1,%m )OCn , X0 , X )(2k)"Sg(x1 , 21 , %0 ) +

+0(x; , %1 %X )O(X5 X5 X ) e ee e 0Ky Xy X VO (X > Xpt1 » Xm V(2K 1Se (%1 %1 , X0 )

+0(x1 , %1 ,%m )Xz, X2 , X ) e O(X—z s Xm—2 X )0 (X1, Xm—1 » Xm )(Zk)m_l So(x1 ,%1 ,%g )]

= So(xn, Xn , Xm ) < Sp(x1,%1 ,%0 ) Z}’”‘:—,}(Zk)j {zla(xl- T A B 4
Suppose we have a series

B =Y 1) Iz 0(x; ,x; Xy, )

And its partial sum
B, = ?:1(21‘)] H{;l Q(xi » Xi X )

In applying the ratio test and using equation (3), the series

Yn=1(2R)" T, 00, xi X )
Converges
Hence, from equation (4), for m > n, we have

So(n, Xn s Xm ) < Sg(x1,%1 , %0 )[Bm—1— Byl

Thus, Sg(xy, Xn , Xm ) = 0as m,n - oo.It follows that {x,}is Cauchy sequence As X isa
complete space so there exists a point x in X such that limx, = x

nN—oo
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Existence of fixed point:

Consider
So(x,x,9x) < 0(x,x, gx){2Sg(x, X, X2) + Sg(X2n, X2n, gx)} by 2 of def 1.1 and symmetric
property

So(x, x, gx) < 0(x,x, gx){2S9 (x, X, X20) + So(fXam+1, fX2n+1, 9D}

< 0(x,x, gx){259(x, x, X27) + a1S9(x, X, fXon41 ) + 2S9(Xon+1, X2n41,%) }

= 0(x, x, gX){289(x, X, X2n) + 1S9 (X, X, X2n ) + 289 (Xon+1, Xon+1, %) }

As {X,, .} and {x,,}are subsequences of {X .}, as n— o X,, — xand X,,., = X
Therefore
So(x,x,9x) <0
= Sp(x,x,9x) <0
= Sp(x,x,9x) =0
= gx =X

Similarly we can prove fx = x. This shows that x is common fixed point of f and g.
Uniqueness: Let u be another fixed point of fand g

So(x, x,u) = So(fx, fx, gu)
< a,Sp(u,u, fx) + a,Se(x, x,u)
= a;Sg(u, u, x) + a,Se(x, x,u)
< (a; + a;)Sy(x,x,u) by symmetric property of Sg
= [1 - (a; + a3)]Se(x,x,u) <0
= Se(x,x,u) =0 Dbyineuality2 (a; +a,) <1
=Sx=u
This complete the proof
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