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1.Introduction:

In 2015, Malviya N. [4] introduced the notion of N-fuzzy metric space (N-FMS) (which is the
generalization of fuzzy metric space [3] and S-metric space [7]) and pseudo N-fuzzy metric
space with some topological and convergence properties. In 2021, various results related to
asymptotically regular maps and sequences are proved by Shikha et al. [8].

On the other hand , In 1922, the Polish mathematician Stefan Banach[2] proved a notable
result of fixed point known as the “Banach Contraction Principle” (BCP) in metric space
which is one of the most important results of analysis. Very recently Agrawal et al [1] proved
a Banach contration principal in N-fuzzy metric space (N-FMS).

In this paper, we introduce generalize Banach contraction principle in the structure of N-Fuzzy
metric space , which extend and generalize the theorem 2.6 of Rakic D. et.al. [5] and result of
Agrawal et al.[1].We have also given an example to illustrate our result.

2.Preliminaries:
We recall the following related definitions of N-fuzzy metric space (N-FMS).

Definition 2.1 [6]:A map ©: [0,1]®> - [0,1] is called continuous t-norm if it satisfies the
following conditions:

1) o(a,1,1) =a, ©(0,0,0) =0.

2 o@By)=ol,apB)=0(By ).

(B) o (ay, B1,v1) =0 (ay, Ba,y2) for ay = ay, 1 = Br,¥12 V2.
Examples of t-norm are

(1) ao Boy=a- B-y(Product t-norm).
(2) ao Boy=min{a,p,y} (Minimumt-norm).

Definition 2.2 [4]:Atriplet (X, N,0)is N-FMS if X is an arbitrary nonempty set, © is continuous
t-norm, and N is a fuzzy set on X3 x (0, ) satisfying the following conditions for all
a,f,v,a€Xandr, k,t>0:

(Nl) N(Of,ﬁ,]/,t) > 0,
(N2) N(a, By, t) =1iffa = B =y,
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(N3) N(a,B,y, r+k+1t)) =N(e,a,a,r)oN(B,B,ak)°N(y,y,at),
(Ny) N(a,B,y, )(0,0) — (0,1] is a continuous function.

N(a, B,v,t) is considered as the degree of nearness of , 8 and y with respect to t.

Proposition 2.3 [4]: Let (X, N,0) be an N-FMSs. then we have
N(a,a,B,t) = N(B,B,a,t), forall @, € X and t > 0.(Symmetricity)

Definition 2.4[4]: Let (X, N,0) be an N-FMS. A sequence {a,} in (X, N,0)converges to a €
Xif N(a,, a, a,t) > 1or N(a,a,a,,t) > 1 asn — oo for each t > 0.which is written as
lim N(a,, a, a,t) > 1forallt >0
n—-oo
Or
lim N(a,a,a,,t) > 1 forallt >0
n—-oo
That is, for r > 0 and t > 0 there exists n, € N such that for all n > n,,
N(a,, a,, a,t) >1—r or N(a,a,a, ,t) >1—r.

Lemma 2.5[4]:Let (X,N,0) be an N-FMS, where © is minimum t-norm. Let {a,} be a
sequence in X. if {a,} converges to a and {a,} also converges to 8 then « = (. That is if the
limit of {a,,} exists, it is unique.

Definition 2.6[4]:Let (X, N,o) be an N-FMS and {a,} be a sequence in X is called Cauchy
sequence, if for each r > 0 and t > 0, there exists ny € N such that
N(ay, an, apm,t) > 1 —1,
Or
N(ay,, dm, ay, t) >1—1r Foralln,m = n,.

Definition 2.7[4]:Let (X, N,o) be an N-FMS. If every Cauchy sequence {a,,} is convergent
to apointa € X , then X is called a complete N-FMS.

Definition 2.8[4]:Let (X, N,0) be an N-FMS. A subset A of X is said to be F-bounded if there
existt > 0 and 0 < r < 1 such that
N(a,a,B,t) >1—r, forall a,p € A.

Definition 2.9[4]:Let (X, N,0) be an N-FMS. A self mapf: X — X is a fuzzy g-contraction if
for all &, B € X and for some q € (0,1), we have

N(f(), f(a), f(B).qt) = N(a,a,B,t).

Lemma 2.10[4]:Let (X, N,o) be an N-FMS, where o is product t norm and {«,,} be a sequence
in X. if {a,} converges to «, then {a,} is a Cauchy sequence.

Definition 2.11[4]:Let (X,N, o) and (X',N’,0") be N-FMS. Then a function T: X — X' is
said to be continuous at a point « we have {T«,} is convergent to T ().

Proposition 2.12[4]:Let (X,N, o) be N-FMS and T be a fuzzy g-contraction. If any fixed
point a of satisfies

N(a,a,a,t) >0,
Then
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N(a,a,a,t) =1

Lemma 2.13[4]:Let (X,N,0) be a N-FMS. Let {a,} and {B,,} be two sequences in X and
suppose a, - a,B, = B, as n > o and N(a,a,B,t,) > N(a,a,B,t) as n —» . Then
N(anan' ﬁnr tn) - N(O{, a; a; t) asn — oo,

Lemma 2.14[4]:Let (X, N,o ) be a N-FMS. If there exists g € (0,1) such that N(a, a, 8, t) =
N (a, a,,[?,%) foralla,f€X,t >0 andtlimN(a,,B,y, t) = 1.Thena = .

3. Main Result:

Theorem 3.1 Let (X, N,0) be a complete N-FMS and let : X — X . If for some q € (O, g)
Q) tlim N(a,B,y,t) =1,
.. . t t
(i) N(Ta,Ta,TpB,t) = min {N (a, a,ﬁ,a),N (Ta, Ta,a, 5)'
t t 3t
N(TB8,TB.85)N(TeTaB,c) N (@ e, T 8.2}

Where o is minimum t-norm.Then,T has a unique fixed point in X .

Proof: Let ay € X and a,,.; = Ta,,, n € N in (ii) of theorem 3.1 with « = a,,_; and
B = Bn-1 using (N3) of definition of 2.2

N(anl ?nl An+1s t) = N(Tan—l' Ta?—lr Tan' t) ¢
= min {N (an_l, Ap_1, Ay, a) ,N (Tan_l,Tan_l, an_l,a),N (Tan,Tan, an, E),

t 3t
N (Tan_l,Tan_l, an, a) N (an_l, an_l,Tan,?>}

t t
= min {N (an_l, An_1, an,—>,N (an, an, an_l,—),
q q
t
N (an+1; On+1, Any a) ’

t 3t
N (an, Ay, Ay, 5) ) N (an—lf An-1,An+1, ;)}

t t t
> min {N (an_l, Ap_1, Ay, a) N (an, an, an_1,5> ,N (an+1, an+1,an,a),

t t
1, {N (an—lr Upn—1,Un, a) oN (an—l' Ap—1, Ay, a)

t
ON (an+1' Apt1, Ap, a)}}

Since a © B oy = min{a, B, vy}
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t t t
= min {N (an—l) an—1, n, 5) N (an' Uny An—1, 5) N (an+1r Ont1, Ap, 5) ’

t t
1, min {N (an_l, Ap_1,0n a) ,N (an_l, Apn_1,An, 5),
t
N ((Zn+1, On+1, Ap, a)}}

t t t
= min {N (an_l, U1, Ay, —),N (an_l, U1, Ay, —) ,N (an, A, an+1,—>,
q q q
1,

t t
min {N (an_l, Up_q, an,—),N (an_l, Op—1, an,—>,
; q q
N (an' Anr Ant 1, a)}}
[By symmetricity]

. t t . t
> min {N (an_l, Ap_1, Un, 5) ,N (an, Any Apsts 5) ,1, min {N (an_l, A1, UAn, 5)'

N (an, Ay, anﬂ,s)}}..... 1)

_ t t
= N(a,, @, Apyq1,t) = min {N (%—1. Ap_1, Uy, a),N (an+1, Apatr Ay a)}

(By symmetricity and minimun function property)

Case-l
t
If N(anr An) An+1) t) =N (an+1: An+1) Any E)

Whenn € N, t > 0, then by lemma 2.14 of it follows that a,, = a,,,, forn € N.

Case-llI

t
N(anr Un) Ant1) t) =N (an—ll Ap—1, Ap, 5)

t
=N (an—Z; Un—2,An_1, q_2>

t
>N (ao, o, al,q—n>
t
Hence, N(a,, @, @piq1,t) = N (ao, ay, “1'q_n) )

Now, for Cauchy sequence m,n >0 andn > m
t t
N(anr Uny Apntm, t) =N (an: Ony Ant1s 5) ON (an' Ony Ant 1, 5) ©

N (s Crms s, =) [bY N Of definition 2.2]

t t t
=N (an' Ony Ant1s §> ON (anr Oy Any1s §) oON (an+1r On+1) Ensmo §)
[by symmetric property]
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t t t
=N (an' An) An+1) §) oON (an' Oy Ans, §> ON (an+1' On+1, ns2, @)

¢ t
o N (an+1’ an+1l an+2, (3)2> (@] N (an+m1 an+m; an+21 (3)2)

t t t
=N (an' Un) Aptq, §) ON (an' Un) Ant1, §) © (an+1' An+1) Any2) W)

t
oON (an+1» Apnt1) Any2, (3)2) oN (an+21 An+2) Angmo (3)2>
[By symmetric property]

t t t
2 N( ) ) )—) O N( ) ) l—) O N( ) ) l—>
BT O AN T OV N T O

t
oN (ao, Ao, al,m> ......

By the condition (i) of 3.1and g < é we get,
lim N(a,, ap, @pin,t) =1010101 ... ... =1.
n—-oo

Hence,{a,} in Cauchy sequence. Since, (X, N, ©) is complete N-FMS, there exists
a € X such that
lim a, =«

n—-oo

Existence of fixed point :-

Now, we will show « is a fixed point of T .
t t t
N(Ta,Ta,a,t) = N (Ta, Te, Tan,§> oN (Ta, Ta,Tan,§> ON (a', a,Ta,, §)
[By N5 of definition of 2.2]

> min {N (a, a, an,é),N (Ta, Ta,a, é),N (Tan,Tan, an,é),
N (Ta, Ta,ay, i) ,N (a, a, Tay, 2)}
O min {N (a, a, Ay, %) ,N (Ta, Ta,a, %) N (Tan' Tay, an:é)'
N (Ta, Ta,ay,, é) , N (a, a, Tay,, 2)}
oON (a, a,Ta,, é) [By (ii) of theorem 3.1]

- t t t
> min {N (a, a, ay, £>N (Ta, Ta,a, E)N (an+1' An+1, An, 5)
t t
N (Ta', Ta,ay, §>,N (01, a, an+1'a)}
. t t t
O min {N (a, a, Ay, 5) N (Ta’ Ta,a, 5) N (an+1r Xn+1r Ens 5) ’

t t t
N (Ta, Ta,a,, §>, N (a, a, an+1,6)} ON (a, a, an+1,§>
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Therefore, foralln € Nand t > 0. Takingn — o
N(Ta,Ta,a,t)

t t
> min {1,N (Ta, Ta,a, —) 1, N (Ta, Ta,a, —>, 1}
3q 3q

t
o min {1, N (Ta, Ta,a, —) 1,
3q

N(Ta,Ta,a,t)

t t
= min {1,N (Ta, Ta,a, —) 1, N (Ta, Ta,«a, —) , 1}
3q 3q
t
o min {1,N (Ta, Ta,a, —), 1,
3q

t
N (Ta, Ta, a,—) , 1} o1
3q

N(Ta,Ta, a,t)

t t
= min {N (Ta, Ta,«, —), N (Ta, Ta,a, —)}
3q 3q
t
o) min {N (Ta, Ta,a, —) ,
3q
t
N (Ta, Ta,«a, —)} o1l
3q

Hence,N(Ta, Ta, a,t) = N (Ta, Ta,a, é)

where t > 0 and Lemma 2.14 with g € (Oé) .
It follows that T = « .

To prove uniqueness, Let T( 8) = B for some S € X, then
N(B, B, at) = N(TB,TB Ta,t)
>min{N(8,8a),N(TBTBAL)N(TaTaas),
N (T B,TB,a, s) N ( 8,8, Ta, %)} [By (ii) of theorem (3.1)]
> min{N(ﬂ,ﬁ,aé),N (Tﬁ,Tﬁ,ﬁ,%),N (Ta,Ta,a,%),
N (T,B,T,B,a,é),(N (ﬁ,ﬁ,a,s) o N(ﬁ,ﬁ,a,é)

t
oN (Ta, Ta,a, a))}

[By N; of definition 2.2]
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Zmin{ (B,Ba;) (B,B,B,£>,N<a,a,a,2>,N(ﬁ, ,a,%>,
oo (5.0.0.2) (1) w2
Hence,

N(B, B, a ) Zmin{{ (,33 a, ) 1,1 N(ﬁ,ﬁ,a,s)},
min{N(ﬁ,ﬁ,a,%),N(ﬁ,ﬁ,a,%),l}}
N(ﬁ,ﬁ,a,t)2min{N(ﬁ,ﬁ,a,s),N(ﬁ,ﬁ,a,é)}

N(B.Bat) 2N (BB, aé) [By lemma 2.14]

t
= N(ﬁug;aJW) —lasn— o
Thus a = B and this complete the proof.

Corollary 3.2 Let (X,N,0) be a complete N-FMS and let : X — X . If for some q €

(0)

(iii) tlim N(a,B,v,t) =1,

(V) NTaTaTg02N(aapl)

Where © is minimum t-norm.Then,T has a unique fixed point in X

Proof :-

. t t
If min {N (a, a,ﬁ,g),N (Ta', Ta,a, ;),
t t 3t t

N(TBT ,8,,8,3),N (Ta,Ta,ﬁ,E),N (a, a,Tﬁ,;)} =N(a, a,ﬁ,g)

Then form Theorem 3.1 proof is obvious
Remark 3.3 : Corollary 3.2 is the Banach contration principal in N Fuzzy metric space which
is proved by Agrawal et al. [1] hence theorem 3.1 generalize Banach contration principal in

N Fuzzy metric space

Example 3.4 Let X be a set of nonnegative real number and (X, N,0) be the complete N-
FMS where N is defined by
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—[le—yl+| B—vl]

N(a,B,v,t) =e t Va,B,y EX & t>0
Let T(a) = In(1 +%)

—(ITa=T Bl+|Ta=T BI) —2|Ta-T B|
Now, N(Ta,Ta,T B,t) =e t =e ¢t
—21n(1+%)—1n(1+zﬁ)
= e t
o8
>e ¢ [Since In(1 + a) < a for each a € {0, )] t/4
—(2la-B]) ¢
t
= e /4— = N a{‘ a{‘ B’T

4

Hence, N(Ta,Ta, T B,t) = N (a, a,ﬁ,g) where g = i

Hence, all the conditions of corollary (3.2) are satisfied and 0 is unique fixed point of
T.
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