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1.Introduction:  
 
In 2015, Malviya N. [4] introduced the notion of N-fuzzy metric space (N-FMS) (which is the 

generalization of fuzzy metric space [3] and S-metric space [7]) and pseudo N-fuzzy metric 

space with some topological and convergence properties. In 2021, various results related to 

asymptotically regular maps and sequences are proved by Shikha et al. [8]. 

 

 On the other hand , In 1922, the Polish mathematician Stefan Banach[2]  proved  a  notable 

result of fixed point  known as the “Banach Contraction Principle” (BCP) in metric space  

which is one of the most important results of analysis.  Very recently Agrawal et al  [1]  proved 

a Banach contration principal in N-fuzzy metric space (N-FMS).   

 

In this paper, we introduce generalize Banach contraction principle in the structure of N-Fuzzy 

metric space , which extend and generalize the theorem 2.6  of Rakic D. et.al. [5] and result of 

Agrawal et al.[1].We have also given  an example to illustrate our  result. 

 

2.Preliminaries: 
                           We recall the following related  definitions of N-fuzzy metric space (N-FMS). 
 

Definition 2.1 [6]:A map ○ ∶ [0,1]3 → [0,1] is called continuous t-norm if it satisfies the 

following conditions: 

(1) ○ (𝛼, 1,1) = 𝛼, ○ (0,0,0) = 0. 

(2) ○ (𝛼, 𝛽, 𝛾) = ○ (𝛾, 𝛼, 𝛽) = ○ ( 𝛽, 𝛾, 𝛼). 

(3) ○ (𝛼1,  𝛽1, 𝛾1) ≥ ○ (𝛼2,  𝛽2, 𝛾2) for  𝛼1 ≥ 𝛼2,  𝛽1 ≥  𝛽2, 𝛾1 ≥ 𝛾2 . 

Examples of t-norm are 

(1) 𝛼 ○  𝛽 ○ 𝛾 = 𝛼 ∙  𝛽 ∙ 𝛾(Product 𝑡-norm). 

(2) 𝛼 ○  𝛽 ○ 𝛾 = min{𝛼, 𝛽, 𝛾} ( Minimum𝑡-norm). 

 

Definition 2.2 [4]:A triplet (𝑋, 𝑁,○)is 𝑁-FMS if 𝑋 is an arbitrary nonempty set, ○ is continuous 

t-norm, and 𝑁 is a fuzzy set on 𝑋3 × (0, ∞) satisfying the following conditions for all 

𝛼, 𝛽, 𝛾, 𝑎 ∈ 𝑋 and 𝑟, 𝑘, 𝑡 > 0 : 

 

(𝑁1) 𝑁(𝛼, 𝛽, 𝛾, 𝑡) > 0,  
(𝑁2) 𝑁(𝛼, 𝛽, 𝛾, 𝑡) = 1 iff 𝛼 =  𝛽 = 𝛾,  
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(𝑁3) 𝑁(𝛼, 𝛽, 𝛾, (𝑟 + 𝑘 + 𝑡)) ≥ 𝑁(𝛼, 𝛼, 𝑎, 𝑟) ○ 𝑁( 𝛽, 𝛽, 𝑎, 𝑘 ) ○ 𝑁(𝛾, 𝛾, 𝑎, 𝑡), 

(𝑁4) 𝑁(𝛼, 𝛽, 𝛾, ∙)(0, ∞) → (0,1] is a continuous function. 

 

𝑁(𝛼, 𝛽, 𝛾, 𝑡) is considered as the degree of nearness of 𝛼, 𝛽 and 𝛾 with respect to 𝑡. 

 

Proposition 2.3 [4]: Let (𝑋, 𝑁,○) be an 𝑁-FMSs. then we have  

                                 𝑁(𝛼, 𝛼, 𝛽, 𝑡) = 𝑁(𝛽, 𝛽, 𝛼 , 𝑡),  for all 𝛼, 𝛽 ∈ 𝑋 and 𝑡 > 0.(Symmetricity) 

 

                                                                   

Definition 2.4[4]: Let  (𝑋, 𝑁,○) be an 𝑁-FMS. A sequence {𝛼𝑛} in (𝑋, 𝑁,○)converges to 𝛼 ∈
𝑋 if  𝑁(𝛼𝑛, 𝛼𝑛, 𝛼, 𝑡) → 1 or 𝑁(𝛼, 𝛼, 𝛼𝑛, 𝑡) → 1 as 𝑛 → ∞ for each 𝑡 > 0.which is written as 

lim
𝑛→∞

 𝑁(𝛼𝑛, 𝛼𝑛, 𝛼, 𝑡) → 1 for all 𝑡 > 0 

Or 

lim
𝑛→∞

 𝑁(𝛼, 𝛼, 𝛼𝑛, 𝑡) → 1  for all 𝑡 > 0 

That is, for 𝑟 > 0 and 𝑡 > 0 there exists 𝑛0 ∈ 𝑁 such that for all 𝑛 ≥ 𝑛0, 

 𝑁(𝛼𝑛, 𝛼𝑛, 𝛼, 𝑡) > 1 − 𝑟  or 𝑁(𝛼, 𝛼, 𝛼𝑛 , 𝑡) > 1 − 𝑟. 

 

Lemma 2.5[4]:Let  (𝑋, 𝑁,○) be an 𝑁-FMS, where ○ is minimum 𝑡-norm. Let {𝛼𝑛} be a 

sequence in 𝑋. if {𝛼𝑛} converges to 𝛼 and {𝛼𝑛} also converges to 𝛽 then 𝛼 = 𝛽. That is if the 

limit of {𝛼𝑛} exists, it is unique. 

 

Definition 2.6[4]:Let  (𝑋, 𝑁,○) be an 𝑁-FMS and {𝛼𝑛} be a sequence in 𝑋 is called Cauchy 

sequence, if for each 𝑟 > 0 and 𝑡 > 0, there exists 𝑛0 ∈ 𝑁 such that  

𝑁(𝛼𝑛, 𝛼𝑛, 𝛼𝑚, 𝑡) > 1 − 𝑟, 

                                                                           Or 

𝑁(𝛼𝑚, 𝛼𝑚, 𝛼𝑛, 𝑡) > 1 − 𝑟 ,For all 𝑛, 𝑚 ≥ 𝑛0. 

 

Definition 2.7[4]:Let  (𝑋, 𝑁,○) be an 𝑁-FMS. If every Cauchy sequence {𝛼𝑛}  is convergent 

to a point 𝛼 ∈ 𝑋 , then 𝑋 is called a complete 𝑁-FMS. 

 

Definition 2.8[4]:Let  (𝑋, 𝑁,○) be an 𝑁-FMS. A subset A of 𝑋 is said to be F-bounded if there 

exist 𝑡 > 0 and 0 < 𝑟 < 1 such that 

𝑁(𝛼, 𝛼, 𝛽, 𝑡) > 1 − 𝑟, for all 𝛼, 𝛽 ∈ 𝐴. 

 

Definition 2.9[4]:Let  (𝑋, 𝑁,○) be an 𝑁-FMS. A self map𝑓: 𝑋 → 𝑋 is a fuzzy q-contraction if 

for all 𝛼, 𝛽 ∈ 𝑋 and for some 𝑞 ∈ (0,1), we have 

𝑁(𝑓(𝛼), 𝑓(𝛼), 𝑓(𝛽), 𝑞𝑡)  ≥ 𝑁(𝛼, 𝛼, 𝛽, 𝑡). 

 

Lemma 2.10[4]:Let  (𝑋, 𝑁,○) be an 𝑁-FMS, where ○ is product t norm and {𝛼𝑛} be a sequence 

in 𝑋. if {𝛼𝑛} converges to 𝛼, then {𝛼𝑛} is a Cauchy sequence. 

 

Definition 2.11[4]:Let (𝑋, 𝑁, ○ ) and (𝑋′, 𝑁′ ,○′) be 𝑁-FMS. Then a function 𝑇: 𝑋 → 𝑋′ is 

said to be continuous at a point 𝛼 we have {𝑇𝛼𝑛} is convergent to 𝑇(𝛼). 

 

Proposition 2.12[4]:Let (𝑋, 𝑁, ○ ) be 𝑁-FMS and 𝑇 be a fuzzy q-contraction. If any fixed 

point 𝛼 of satisfies 

𝑁(𝛼, 𝛼, 𝛼, 𝑡) > 0, 

Then 
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𝑁(𝛼, 𝛼, 𝛼, 𝑡) = 1  
 

Lemma 2.13[4]:Let (𝑋, 𝑁,○ ) be a 𝑁-FMS. Let {𝛼𝑛} and {𝛽𝑛} be two sequences in X and 

suppose  𝛼𝑛 → 𝛼, 𝛽𝑛 → 𝛽, as 𝑛 → ∞ and 𝑁(𝛼, 𝛼, 𝛽, 𝑡𝑛) → 𝑁(𝛼, 𝛼, 𝛽 , 𝑡) as 𝑛 → ∞. Then 

𝑁(𝛼𝑛𝛼𝑛, 𝛽𝑛, 𝑡𝑛) → 𝑁(𝛼, 𝛼, 𝛼, 𝑡) as 𝑛 → ∞. 

 

 

Lemma 2.14[4]:Let (𝑋, 𝑁,○ ) be a 𝑁-FMS. If there exists 𝑞 ∈ (0,1) such that 𝑁(𝛼, 𝛼, 𝛽, 𝑡) ≥

𝑁 (𝛼, 𝛼, 𝛽,
𝑡

𝑞
) for all 𝛼, 𝛽 ∈ 𝑋, 𝑡 > 0 and lim

𝑡→∞
𝑁(𝛼, 𝛽, 𝛾, 𝑡) = 1.Then 𝛼 = 𝛽. 

 

3. Main Result: 

 

Theorem 3.1 Let (𝑋, 𝑁,○) be a complete 𝑁-FMS and let : 𝑋 → 𝑋 . If for some 𝑞 ∈ (0,
1

3
),  

(i) lim
𝑡→∞

𝑁(𝛼, 𝛽, 𝛾, 𝑡) = 1, 

(ii) 𝑁(𝑇𝛼, 𝑇𝛼, 𝑇 𝛽, 𝑡) ≥ min {𝑁 (𝛼, 𝛼, 𝛽,
𝑡

𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

𝑞
) ,

𝑁 (𝑇 𝛽, 𝑇 𝛽, 𝛽,
𝑡

𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛽,

𝑡

𝑞
) , 𝑁 (𝛼, 𝛼, 𝑇 𝛽,

3𝑡

𝑞
)} 

Where ○ is minimum 𝑡-norm.Then,𝑇 has a unique fixed point in X  . 

 

Proof: Let 𝛼0 ∈ 𝑋 and 𝛼𝑛+1 = 𝑇𝛼𝑛, 𝑛 ∈ 𝑁 in (ii) of theorem 3.1 with 𝛼 = 𝛼𝑛−1 and 

 𝛽 =  𝛽𝑛−1 using (𝑁3) of definition of 2.2 

 

𝑁(𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1, 𝑡) = 𝑁(𝑇𝛼𝑛−1, 𝑇𝛼𝑛−1, 𝑇𝛼𝑛, 𝑡) 

≥ min {𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,
𝑡

𝑞
) , 𝑁 (𝑇𝛼𝑛−1, 𝑇𝛼𝑛−1, 𝛼𝑛−1,

𝑡

𝑞
) , 𝑁 (𝑇𝛼𝑛, 𝑇𝛼𝑛, 𝛼𝑛,

𝑡

𝑞
) ,

𝑁 (𝑇𝛼𝑛−1, 𝑇𝛼𝑛−1, 𝛼𝑛,
𝑡

𝑞
) , 𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝑇𝛼𝑛,

3𝑡

𝑞
)} 

 

= min {𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,
𝑡

𝑞
) , 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛−1,

𝑡

𝑞
) ,

𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛,
𝑡

𝑞
) ,

𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛,
𝑡

𝑞
) , 𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛+1,

3𝑡

𝑞
)} 

 

≥ min {𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,
𝑡

𝑞
) , 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛−1,

𝑡

𝑞
) , 𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛,

𝑡

𝑞
) ,

1 , {𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,
𝑡

𝑞
) ○ 𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,

𝑡

𝑞
)

○ 𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛,
𝑡

𝑞
)}} 

 

Since 𝛼 ○  𝛽 ○ 𝛾 = min{𝛼, 𝛽, 𝛾} 
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≥ min {𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,
𝑡

𝑞
) , 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛−1,

𝑡

𝑞
) , 𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛,

𝑡

𝑞
) ,

1 , min {𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛

𝑡

𝑞
) , 𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,

𝑡

𝑞
) ,

𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛,
𝑡

𝑞
)}} 

 

≥ min {𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,
𝑡

𝑞
) , 𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,

𝑡

𝑞
) , 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,

𝑡

𝑞
) ,

1,

min {𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,
𝑡

𝑞
) , 𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,

𝑡

𝑞
) ,

𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,
𝑡

𝑞
)}} 

                                                                                          [By symmetricity] 

≥ min {𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,
𝑡

𝑞
) , 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,

𝑡

𝑞
) , 1, min {𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,

𝑡

𝑞
) ,

𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,
𝑡

𝑞
)}} ….. (1)  

 

 

⇒ 𝑁(𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1, 𝑡) ≥ min {𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,
𝑡

𝑞
) , 𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛,

𝑡

𝑞
)}  

                                                 (By symmetricity and minimun function property)  

 

Case-I 

If 𝑁(𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1, 𝑡) ≥ 𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛,
𝑡

𝑞
) 

When 𝑛 ∈ 𝑁, 𝑡 > 0, then by lemma 2.14 of it follows that 𝛼𝑛 = 𝛼𝑛+1 for 𝑛 ∈ 𝑁. 

 

Case-II 

𝑁(𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1, 𝑡) ≥ 𝑁 (𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛,
𝑡

𝑞
)   

  ≥ 𝑁 (𝛼𝑛−2, 𝛼𝑛−2, 𝛼𝑛−1,
𝑡

𝑞2
)   

  : 

  : 

  ≥ 𝑁 (𝛼0, 𝛼0, 𝛼1,
𝑡

𝑞𝑛) 

 

Hence,  𝑁(𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1, 𝑡) ≥ 𝑁 (𝛼0, 𝛼0, 𝛼1,
𝑡

𝑞𝑛) . 

 

Now, for Cauchy sequence 𝑚, 𝑛 > 0  and 𝑛 > 𝑚 

𝑁(𝛼𝑛, 𝛼𝑛, 𝛼𝑛+𝑚, 𝑡) ≥ 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,
𝑡

3
) ○ 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,

𝑡

3
)  ○

𝑁 (𝛼𝑛+𝑚, 𝛼𝑛+𝑚, 𝛼𝑛+1,
𝑡

3
)[by 𝑁3 of definition 2.2] 

 

= 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,
𝑡

3
) ○ 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,

𝑡

3
) ○ 𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛+𝑚,

𝑡

3
) 

                                                                                                   [by symmetric property] 
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≥ 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,
𝑡

3
) ○ 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,

𝑡

3
) ○ 𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛+2,

𝑡

(3)2
)

○  𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛+2,
𝑡

(3)2
) ○  𝑁 (𝛼𝑛+𝑚, 𝛼𝑛+𝑚, 𝛼𝑛+2,

𝑡

(3)2
) 

 

= 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,
𝑡

3
) ○ 𝑁 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1,

𝑡

3
) ○ 𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛+2,

𝑡

(3)2
)

○ 𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛+2,
𝑡

(3)2
) ○ 𝑁 (𝛼𝑛+2, 𝛼𝑛+2, 𝛼𝑛+𝑚,

𝑡

(3)2
) 

        [By symmetric property] 

 

≥ 𝑁 (𝛼0, 𝛼0, 𝛼1,
𝑡

𝑞𝑛(3)
) ○  𝑁 (𝛼0, 𝛼0, 𝛼1,

𝑡

𝑞𝑛(3)
) ○  𝑁 (𝛼0, 𝛼0, 𝛼1,

𝑡

𝑞𝑛+1(3)2
)

○  𝑁 (𝛼0, 𝛼0, 𝛼1,
𝑡

𝑞𝑛+1(3)2
) … …  

 

By the condition (i) of 3.1and 𝑞 <
1

3
, we get,  

lim
𝑛→∞

𝑁(𝛼𝑛, 𝛼𝑛, 𝛼𝑚+𝑛, 𝑡) = 1 ○ 1 ○ 1 ○ 1 … … …  = 1 . 

Hence,{𝛼𝑛} in Cauchy sequence. Since, (𝑋, 𝑁, ○) is complete  𝑁-FMS, there exists 

𝛼 ∈ 𝑋 such that 

lim
𝑛→∞

𝛼𝑛 = 𝛼 

 

 

Existence of fixed point :- 

 

Now, we will show 𝛼 is a fixed point of T . 

𝑁(𝑇𝛼, 𝑇𝛼, 𝛼, 𝑡) ≥ 𝑁 (𝑇𝛼, 𝑇𝛼, 𝑇𝛼𝑛,
𝑡

3
) ○ 𝑁 (𝑇𝛼, 𝑇𝛼, 𝑇𝛼𝑛,

𝑡

3
) ○ 𝑁 (𝛼, 𝛼, 𝑇𝛼𝑛,

𝑡

3
) 

       [By 𝑁3 of definition of 2.2] 

 

≥ min {𝑁 (𝛼, 𝛼, 𝛼𝑛,
𝑡

3𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

3𝑞
) , 𝑁 (𝑇𝛼𝑛, 𝑇𝛼𝑛, 𝛼𝑛,

𝑡

3𝑞
) ,

𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼𝑛 ,
𝑡

3𝑞
) , 𝑁 (𝛼, 𝛼, 𝑇𝛼𝑛,

𝑡

𝑞
)}    

○ min {𝑁 (𝛼, 𝛼, 𝛼𝑛,
𝑡

3𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

3𝑞
) , 𝑁 (𝑇𝛼𝑛, 𝑇𝛼𝑛, 𝛼𝑛,

𝑡

3𝑞
) ,

𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼𝑛,
𝑡

3𝑞
) , 𝑁 (𝛼, 𝛼, 𝑇𝛼𝑛,

𝑡

𝑞
)}    

○ 𝑁 (𝛼, 𝛼, 𝑇𝛼𝑛,
𝑡

3
)     [By (ii) of  theorem 3.1] 

 

≥ min {𝑁 (𝛼, 𝛼, 𝛼𝑛,
𝑡

3𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

3𝑞
) , 𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛,

𝑡

3𝑞
) ,

𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼𝑛,
𝑡

3𝑞
) , 𝑁 (𝛼, 𝛼, 𝛼𝑛+1,

𝑡

𝑞
)} 

          ○ min {𝑁 (𝛼, 𝛼, 𝛼𝑛,
𝑡

3𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

3𝑞
) , 𝑁 (𝛼𝑛+1, 𝛼𝑛+1, 𝛼𝑛,

𝑡

3𝑞
) ,

𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼𝑛,
𝑡

3𝑞
) ,   𝑁 (𝛼, 𝛼, 𝛼𝑛+1,

𝑡

𝑞
)}  ○ 𝑁 (𝛼, 𝛼, 𝛼𝑛+1,

𝑡

3
) 
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Therefore, for all 𝑛 ∈ 𝑁 and  𝑡 > 0 . Taking 𝑛 → ∞  

𝑁(𝑇𝛼, 𝑇𝛼, 𝛼, 𝑡)

≥ min {1, 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,
𝑡

3𝑞
) , 1, 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

3𝑞
) , 1}

○                                         min {1, 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,
𝑡

3𝑞
) , 1,

𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,
𝑡

3𝑞
) , 1} ○ 1 

 

𝑁(𝑇𝛼, 𝑇𝛼, 𝛼, 𝑡)

≥ min {1, 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,
𝑡

3𝑞
) , 1, 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

3𝑞
) , 1}

○                                         min {1, 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,
𝑡

3𝑞
) , 1,

𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,
𝑡

3𝑞
) , 1} ○ 1 

                          

 

𝑁(𝑇𝛼, 𝑇𝛼, 𝛼, 𝑡)

≥ min {𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,
𝑡

3𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

3𝑞
)}

○                                         min {𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,
𝑡

3𝑞
) ,

𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,
𝑡

3𝑞
)} ○ 1 

  

 

Hence,𝑁(𝑇𝛼, 𝑇𝛼, 𝛼, 𝑡) ≥ 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,
𝑡

3𝑞
). 

 where 𝑡 > 0 and Lemma 2.14 with 𝑞 ∈ (0,
1

3
) . 

It follows that  𝑇 = 𝛼 . 

 

To prove uniqueness, Let 𝑇( 𝛽) =  𝛽 for some  𝛽 ∈ 𝑋, then  

 

𝑁( 𝛽, 𝛽, 𝛼, 𝑡) = 𝑁(𝑇 𝛽, 𝑇 𝛽, 𝑇𝛼, 𝑡) 

≥ min {𝑁 ( 𝛽, 𝛽, 𝛼,
𝑡

𝑞
) , 𝑁 (𝑇 𝛽, 𝑇 𝛽, 𝛽,

𝑡

𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

𝑞
) ,

𝑁 (𝑇 𝛽, 𝑇 𝛽, 𝛼,
𝑡

𝑞
) , 𝑁 ( 𝛽, 𝛽, 𝑇𝛼,

3𝑡

𝑞
)}   [By (ii) of  theorem (3.1)]   

 

≥ min {𝑁 ( 𝛽, 𝛽, 𝛼,
𝑡

𝑞
) , 𝑁 (𝑇 𝛽, 𝑇 𝛽, 𝛽,

𝑡

𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

𝑞
) ,

𝑁 (𝑇 𝛽, 𝑇 𝛽, 𝛼,
𝑡

𝑞
) , (𝑁 ( 𝛽, 𝛽, 𝛼,

𝑡

𝑞
) ○ 𝑁 ( 𝛽, 𝛽, 𝛼,

𝑡

𝑞
)

○ 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,
𝑡

𝑞
))} 

       [By 𝑁3 of definition 2.2] 
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Since, 𝛼 ○  𝛽 ○ 𝛾 = min{𝛼, 𝛽, 𝛾} 

≥ min {𝑁 ( 𝛽, 𝛽, 𝛼,
𝑡

𝑞
) , 𝑁 (𝑇 𝛽, 𝑇 𝛽, 𝛽,

𝑡

𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

𝑞
) , 𝑁 (𝑇 𝛽, 𝑇 𝛽, 𝛼,

𝑡

𝑞
) ,

                     min {𝑁 ( 𝛽, 𝛽, 𝛼,
𝑡

𝑞
) , 𝑁 ( 𝛽, 𝛽, 𝛼,

𝑡

𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

𝑞
)}} 

 

≥ min {𝑁 ( 𝛽, 𝛽, 𝛼,
𝑡

𝑞
) , 𝑁 ( 𝛽, 𝛽, 𝛽,

𝑡

𝑞
) , 𝑁 (𝛼, 𝛼, 𝛼,

𝑡

𝑞
) , 𝑁 ( 𝛽, 𝛽, 𝛼,

𝑡

𝑞
) ,

min {𝑁 ( 𝛽, 𝛽, 𝛼,
𝑡

𝑞
) , 𝑁 ( 𝛽, 𝛽, 𝛼,

𝑡

𝑞
) , 𝑁 (𝛼, 𝛼, 𝛼,

𝑡

𝑞
)}} 

Hence, 

𝑁( 𝛽, 𝛽, 𝛼, 𝑡)  ≥ min {{𝑁 ( 𝛽, 𝛽, 𝛼,
𝑡

𝑞
) , 1,1 , 𝑁 ( 𝛽, 𝛽, 𝛼,

𝑡

𝑞
)} ,

min {𝑁 ( 𝛽, 𝛽, 𝛼,
𝑡

𝑞
) , 𝑁 ( 𝛽, 𝛽, 𝛼,

𝑡

𝑞
) , 1}} 

 

𝑁( 𝛽, 𝛽, 𝛼, 𝑡) ≥ min {𝑁 ( 𝛽, 𝛽, 𝛼,
𝑡

𝑞
) , 𝑁 ( 𝛽, 𝛽, 𝛼,

𝑡

𝑞
)} 

 

𝑁( 𝛽, 𝛽, 𝛼, 𝑡) ≥ 𝑁 ( 𝛽, 𝛽, 𝛼,
𝑡

𝑞
)    [By lemma 2.14] 

  : 

  : 

  ≥ 𝑁 ( 𝛽, 𝛽, 𝛼,
𝑡

(𝑞)𝑛) → 1 as 𝑛 → ∞  

Thus 𝛼 =  𝛽 and this complete the proof. 

 

Corollary 3.2  Let (𝑋, 𝑁,○) be a complete 𝑁-FMS and let : 𝑋 → 𝑋 . If for some 𝑞 ∈

(0,
1

3
),  

(iii) lim
𝑡→∞

𝑁(𝛼, 𝛽, 𝛾, 𝑡) = 1, 

(iv) 𝑁(𝑇𝛼, 𝑇𝛼, 𝑇 𝛽, 𝑡) ≥ 𝑁 (𝛼, 𝛼, 𝛽,
𝑡

𝑞
) 

Where ○ is minimum 𝑡-norm.Then,𝑇 has a unique fixed point in X   

 

Proof :-  

          If min {𝑁 (𝛼, 𝛼, 𝛽,
𝑡

𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛼,

𝑡

𝑞
) ,

𝑁 (𝑇 𝛽, 𝑇 𝛽, 𝛽,
𝑡

𝑞
) , 𝑁 (𝑇𝛼, 𝑇𝛼, 𝛽,

𝑡

𝑞
) , 𝑁 (𝛼, 𝛼, 𝑇 𝛽,

3𝑡

𝑞
)} = 𝑁 (𝛼, 𝛼, 𝛽,

𝑡

𝑞
) 

 

Then form Theorem 3.1 proof is obvious  

 

Remark 3.3 : Corollary 3.2  is the  Banach contration principal in N Fuzzy metric space which 

is proved  by Agrawal et al. [1] hence theorem 3.1 generalize  Banach contration principal in 

N Fuzzy metric space 

 

Example 3.4 Let 𝑋 be a set of nonnegative real number and (𝑋, 𝑁,○) be the complete  𝑁-

FMS where 𝑁 is defined by  
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𝑁(𝛼, 𝛽, 𝛾, 𝑡) = 𝑒
−[|𝛼− 𝛾|+| 𝛽− 𝛾|]

𝑡  ∀ 𝛼, 𝛽, 𝛾 ∈ 𝑋  &  𝑡 > 0 

Let 𝑇(𝛼) = ln (1 +
𝛼

4
 ) 

Now, 𝑁(𝑇𝛼, 𝑇𝛼, 𝑇 𝛽, 𝑡) = 𝑒
−(|𝑇𝛼−𝑇 𝛽|+|𝑇𝛼−𝑇 𝛽|)

𝑡 =  𝑒
−2|𝑇𝛼−𝑇 𝛽|

𝑡  

=  𝑒
−2 ln(1+

𝛼
4

)−ln(1+
 𝛽
4

)

𝑡  

≥ 𝑒
−2(|

𝛼
4

−
 𝛽
4

|)

𝑡         [Since ln(1 + 𝛼) ≤ 𝛼 for each 𝛼 ∈ {0, ∞)] 𝑡 4⁄  

 

= 𝑒
−(2|𝛼− 𝛽 |)

𝑡
4⁄    = 𝑁 (𝛼, 𝛼, 𝛽,

𝑡
1

4

) 

Hence, 𝑁(𝑇𝛼, 𝑇𝛼, 𝑇 𝛽, 𝑡) ≥ 𝑁 (𝛼, 𝛼, 𝛽,
𝑡

𝑞
) where 𝑞 =

1

4
 

. 

Hence, all the conditions of corollary  (3.2) are satisfied and 0 is unique fixed point of 

𝑇. 
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