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1.Introduction:

In the mathematical analysis many generalization of fuzzy metric spaces are exist.

In 2015, Malviya N. [4] introduced the notion of N-fuzzy metric space (N-FMS) (which is the
generalization of fuzzy metric space [3] and S-metric space [7]) and pseudo N-fuzzy metric
space with some topological and convergence properties. In 2021, various results related to
asymptotically regular maps and sequences are proved by Shikha et al. [8]. Very recently
Agrawal et al [1] investigated g- contraction in N-Fuzzy metric space and given an application
of Banach contraction theorem in integral theory.

In this paper, we introduce generalize g-contraction in structure of N-Fuzzy metric space and
proved a fixed point theorem which extend and generalize the theorem 2.5 of Rakic D. et.al.
[5] and Agrawal et al.[1].We have also given the application of generalize g-contraction in
integral theory.

2.Preliminaries:
We recall the following related definitions of N-fuzzy metric space (N-FMS).

Definition 2.1 [6]:A map o: [0,1]3 - [0,1] is called continuous t-norm if it satisfies the
following conditions:

1) o(a11) =a,°(0,00)=0.

@ o@By)=o,apB)=0(By ).

(3) o (ay, f1,v1) =0 (ay, fay2) fora; = az, 1= Bo,vi 272
Examples of t-norm are

(1) ao Boy=a- B-y(Product t-norm).
(2) ao Boy=min{a,p,y} ( Minimumt-norm).

Definition 2.2 [4]:Atriplet (X, N,0)is N-FMS if X is an arbitrary nonempty set, © is continuous
t-norm, and N is a fuzzy set on X3 x (0, ) satisfying the following conditions for all
a,B,y,a€eXandr, k,t >0:

(Nl) N(Of,ﬁ,]/, t) > 0,

(N2) N(a,B,y,t) =1iffa= g =y,

(N3) N(a,ﬁ,y, (r+k+ t)) > N(a,a,a,vr)ON(B,B,a,k)oN(y,v,a,t),
(Ny) N(a, B8,v,-)(0,00) — (0,1] is a continuous function.
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N(a, B,v,t) is considered as the degree of nearness of a, # and y with respect to t.

Proposition 2.3 [4]: Let (X, N,0) be an N-FMSs. then we have
N(a,a,B,t) = N(B,B,a,t), foralla,f € Xand t > 0.

Definition 2.4[4]: Let (X, N,0) be an N-FMS. A sequence {a,} in (X, N,0)converges to a €
X if N(ay, ap,a,t) > 1or N(a,a,a,,t) > 1 asn — oo for each t > 0.which is written as
lim N(a,, a, a,t) > 1forallt >0
n—-oo

Or
lim N(a,a,a,,t) » 1forallt > 0
n—-o0o

That is, for » > 0 and t > 0 there exists n, € N such that for all n > n,,
N(a,, a,, a,t) >1—rorN(a,a,a,,t) >1—r.

Lemma 2.5[4]:Let (X,N,0) be an N-FMS, where © is minimum t-norm. Let {a,} be a
sequence in X. if {a,} converges to « and {a,,} also converges to 8 then « = B. That is if the
limit of {a,,} exists, it is unique.

Definition 2.6[4]:Let (X, N,0) be an N-FMS and {a,} be a sequence in X is called Cauchy
sequence, if for each r > 0 and t > 0, there exists n, € N such that
N(ay, ay, tp, t) > 1 —1,
Or
N(apm, O, Ap, t) > 1 —1 Foralln,m > n,.

Definition 2.7[4]:Let (X, N,o) be an N-FMS. If every Cauchy sequence {a,,} is convergent to
apoint € X , then X is called a complete N-FMS.

Definition 2.8[4]:Let (X, N,©) be an N-FMS. A subset A of X is said to be F-bounded if there
existt > 0 and 0 < r < 1 such that
N(a,a,B,t) >1—r, forall a,p € A.

Definition 2.9[4]:Let (X, N,0) be an N-FMS. A self mapf: X — X is a fuzzy g-contraction if
forall a, € X and for some q € (0,1), we have

N(f(a),f(a),f(B),qt) = N(a,a,B,1).

Lemma 2.10[4]:Let (X, N,0) be an N-FMS, where o is product t norm and {«,,} be a sequence
in X. if {a,} converges to «, then {a,} is a Cauchy sequence.

Definition 2.11[4]:Let (X, N,o ) and (X', N’ ,0") be N-FMS. Then a function T: X — X' is said
to be continuous at a point a we have {Ta,,} is convergent to T'(«).

Proposition 2.12[4]:Let (X, N,o ) be N-FMS and T be a fuzzy g-contraction. If any fixed point
« of satisfies

N(a,a,a,t) > 0,
Then

N(a,a,a,t) =1
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Lemma 2.13[4]:Let (X,N,0) be a N-FMS. Let {a,} and {B,} be two sequences in X and
suppose a,, > a,f, = B, as n—> o and N(a,a,B,t,) = N(a,a,B,t) as n — oco. Then
N(anan' ﬁnr tn) - N(O{, a; a; t) asn — oo,

Lemma 2.14[4]:Let (X, N,o ) be a N-FMS. If there exists g € (0,1) such that N(a, a, 8, t) =
N (a, a,ﬁ,é) foralla,peX, t>0 andtlimN(a,,B,y, t) = 1.Thena = .

3. Main Result:

Theorem 3.1 : Let (X, N,0) be a complete N-FMS. Aselfmap T : X — X. If for all
a, B € X and for some q € (O,g) we havet > 0

Q) lim N(a,B,y,t) =1
t—oo
(i) N(Ta,Ta,TpB,t) = min{N (a,a,ﬁ,ﬁ), (Ta Ta,a, ) (Tﬁ TB,B, )}
q
Where o is minimum t-norm. Then T has unique fixed point.
Proof: Leta, € Xforn > 0,t >0, Suchthata,,; = Ta,,n €N .

We have
N(a,, y, dpy1,t) = N(Tap_1, TAp_1, Ty, t)

t t t
= min {N (an_l, Up_1, Ay, a),N (Tan_l,Tan_l, Ay, 5>,N (Tan, Ta,, an,g)}

t t t
= min {N (an_l, A1, an,—>,N (an, an, an,—),N (an+1, Ant1r An, —)}
q ; q . q
= min {N (an_l, Ap—1,Ap, a) ) 11 N (an+11 Apt1) Ap, a)}

t t
= N(anr Un) Apt1, t) = min {N (an—lf Un—1, Ay, a) ’ N (an+1: Apny1, A, 5)}

Case-l

t
If N(anr Un) Apnt1, t) = N (an+1: An+1) Ap, E)

Whenn € N, t > 0, then by lemma 2.14 of it follows that a,, = a,,,; forn € N.

Case-l1
t
N(anr Uny Apy1) t) =N (an—lf Upn—_1, Ay, ;)

t
=N (an—Z' Un—2, An_1, q_z)

t
=N (%; Ao, a1,q—n)

t
Hence, N(a,, @, @piq,t) = N (ao, @, aqu_n) )
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Now, for Cauchy sequence m,n > 0andn >m
t
N(anr Uny Apntm, ) =N (an» ) A1 ) ON (an' Xy At 1 E) ©

N (an+m, Ay Antis )[by Np3 of definition 2.2]

t t t
=N (an' Oy Anst, 5) ON (an; Oy Ansi, §) ON (an+11 In+1, Ensmo _)

3
[by symmetric property]

t t t
=N (“nr 2y an+1»§) oN (an; an, an+1:§> ON (an+1; Tn+1y an+2;@>

¢ t
o N (an+1; An+1) Ans2, (3)2> o N (an+m: Apvmr An+2, (3)2)

t t t
=N (an' Un) Ant1, 3) ON (anl Any At 5) ON (an+11 Xn+1) Any2, @)

t
ON (an+1' An+1) An+2, (3)2) ON (an+21 An+2) Antmo (3)2)
[By symmetric property]

t t t
=N ) ) <] © N ] ] y o< ) © N ) ) ) oA raND
= ((XO g, A1 qn(S)) (ao g, A1 qn(3)) (ao Ao, A1 qn+1(3)2)

t
oN ((10, o, al,m> ......

By the condition (i) of 3.1and g < é we get,
lim N(a,, a,, &min,t) =1010101......... =1.
n—-oo

Hence,{«,} in Cauchy sequence. Since, (X, N,,0) is complete symmetric N-FMS, there
exists @ € X such that
lima, =a......... (3.1.1)

n—-oo

Now, we show that « is a fixed point of T

t t t
N(Ta,Ta,a,t) = N (Ta, Ta, Ta,, §) ON (Ta, Ta,Tan,§> oN (a, a,Tay, §>

_ t t t

> min {Nb (a, a,ay, 5) , Ny (Ta, Ta,a, 5) ,Np (Tan, Ta,, a,, 5)}
_ t t t

O min {Nb (a, a,a,, 5) , Ny (Ta, Ta,a, 5) , Ny (Tan, Ta,, a,, 5)}

t
© Nb (ar o, Apt1, 5)

_ t t t

= min {N (a, a, oy, 5>,N (Ta, Ta,a, 5),N (an+1, Ani1, An, 5)}
_ t t t

O min {N (a, a,a,, £>,N (Ta, Ta,a, 5) , N (an+1, an+1,an,—q>}

t
oN (a, a, an+1,5>
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Takingn - coand ¢t >0
= min {1, N (Ta, Ta,a, %) , 1} O min {1, N (Ta, Ta,a, %) , 1} o1 =

min {N (Ta, Ta,«, é),N (Ta, Ta,a, é) , 1}
= N(Ta,Ta,a,t) >N (Ta, Ta, a,é).

This show that Ta = «, that is a in fixed point of T.

Uniqueness: Let Ta = a and TS = B for § € X, then
By condition (ii) of 3.1, we get,
N(a,a,B,t) = N(Ta,Ta,T B,t)

= min{N (a, a,ﬁ,é),N (a, a,Ta,é),N(,B,,B,TB,%)}
t
= min {N (a, a,ﬁ;),l,l}
=N (a, a,ﬁ,é)
=N (Ta, Ta,Tp, 2)
> min{N (a, a,ﬁ,%),N (a, Q, Ta,q—tz),N (ﬁ,ﬁ,Tﬁ,%)}
= min {N (a, a,f, q—tz),l,l}

t
>N (a, a,ﬁ,—)
qZ

= N(a,a,pB,t) = N(a,a,ﬁ,qin) s> lasn—o o
Thus @ = f, and this complete the proof.

Corollary 3.2: Let (X, N,0) be a complete N-FMS with

tlim N(a,B,v,t) =1,

Where © is minimum t-norm. And T be a fuzzy g-contraction. Then T has a unique
fixed point.

Proof: In theorem 3.1

N(Ta,Ta,T B ,t) = min {N (a, a, ﬁ,i) N (Ta, Ta, a,E) N (T B, T B,B, E)}
If we take the condition ! ! !
N(aa 32) <N(TeTa,a, 2) and N (a, a,ﬁ,s) <N(TpT 3,3,5)
Then,
N(Ta,Ta,T B ,t) = N(a,a,ﬁ,é)

Which is the definition of g-contraction and if g € (0, %) then g € (0,1).
Hence, our theorem generalize theorem 3.1 of Agrawal et. al. [1] for minimum t norm.
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4.Application in Integral theory:

The first integral type of BCP was proved by Branciari[2]. Let 8: (0, 00) — (0, o) as

6(t) = [, p(t)dt, vt >0,

be a nondecreasing and continuous function. Moreover, for each r > 0,¢(r) > 0. It also
implies that ¢(t) = 0 ifft = 0.

In following, we prove integral analogue of theorem 3.1in N — FMS.

Theorem 4.1:Let (X, N, 0) be a complete N — FMS and T: X — X be a map satisfying

N(T(a),T(),T(B),qt)
Jy ¢ ()dt,

>

min{N(a,a,B%),N(Ta,Ta,a%),N(T BT B,B,g)}
f ¢(t)dt
0

Forall a,,€ X, ¢ € 6,and q € (0,1). Then T has a unique fixed point.

Proof: By taking ¢(1) = 1 and applying theorem 3.1, we obtain the result.
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