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Abstract: In this manuscript, we introduce the notion of intuitionistic Menger b-metric space, (IMb-
MS) which is the hybrid structure of Menger space and b-metric space. We also prove an example of
IMb-MS. In the last section we prove a Banach contraction theorem in the setting of intuitionistic
Menger b-metric space.

Keywords and Phrases: Menger b-metric space, Intuitionistic Menger b-metric space, Fixed point.
2020 Mathematics Subject Classification: 47H10, 54E70, 54H25.
Introduction:

The theory of probabilistic metric spaces was initiated by Karl Menger [9] in 1942, where the distance
between two points is described by a distribution function instead of a nonnegative real number. This
pioneering idea laid the foundation for the study of uncertainty in metric structures. Subsequently,
Schweizer and Sklar [10,11] significantly advanced the theory by introducing Menger spaces, which
have become an important framework in probabilistic analysis and fixed-point theory.

In 1989, Bakhtin [2] introduced the notion of b-metric spaces as a generalization of metric spaces. Later,
Czerwik [6] studied contraction mappings in b-metric spaces and established several fixed-point results.
Due to their flexible structure, b-metric spaces have attracted considerable attention in nonlinear
analysis and its applications.

The concept of intuitionistic Menger spaces was introduced by Kutukcu et al. [7] by combining
intuitionistic fuzzy sets with Menger spaces. Later, Mbarki and Oubrahim [8] introduced b-Menger
spaces, extending the classical Menger space framework to b-metric spaces. Several important
contributions to fixed-point theory in Menger space have also been made by Choudhary et al. [3-5].

Motivated by these developments, in this paper we introduce the concept of intuitionistic Menger b-
metric space with an example. Also, we proved the Banach contraction theorem in this setting.

2. Preliminaries
For the reader convenience some definitions and results are recalled.

Definition 2.1.[10] A t-norm is a function =:[0,1]? — [0,1] which satisfies the following conditions
(i) T(a,1)=a,T(0,0)=0;
(ii) T(a,b) =T(b,a);

(iii) T(T(a,b),c) =T(a,T(b,c));
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(iv) T(c,d) =T(a,b) whenever ¢ =aandd = b.

The following defines three basic t-norms:

1. The minimum t-norm, a * b = min{a, b}
2. The Product t-norm, , axb=ab
3. The Lukasiewicz t-norm , a *b = max{a + b — 1,0}

Definition 2.2. [7] A binary operation ¢: [0,1]2— /0, 1] is called a continuous triangular co-norm (t-
conorm) if it satisfies the following conditions:

(1) ¢ is associative and commutative;

(2) ¢ is continuous;

(3)av0=a, v,a €[0, 1];

(4)aob <cod, whenevera<cand b<dVa,b,c,de][0,1].
Three basic t-conorms are given below:

(1) a®{b=min (a + b, 1),

(2) a®,b = (a + b — ab),

(3) a03b =max (a, b)

Definition 2.3. [8] Let The a continuous t-norm, Xbe a nonempty set, and k > 1 be a fixed real number.
A mapping from X x X into the set of distribution functions is called a Menger b-metric on Xif and
only if the following conditions hold for every a, 8,y € X:

(D) Mp(e,p)(0) =0

(ii) Mp(ap () =1,Vt > 0ifand onlyifa =
(iii) Mb(a,[?)(t) = Mb(ﬁ,a) ®,vt >0

(iv) Mb(a,y) (kt+u) =T [(Mb(a,ﬁ) (t),Mb(B,y)(u))], Vits =>0.
The quadruple (X, M}, o, k) is said to be a Menger b-metric space.

Definition 2.4.[10] A distance distribution function is a function, M': R — R+ which is left continuous
on R, non-decreasing and infiegM (t) = 0, superM (t) = 1. we shall be denoted by D the family of
all distance distribution functions and by H a special distance distribution function in D given by

(1 if >0
7“0‘{0 ift=0

Definition 2.5.[10] A non-distance distribution function is function £: R — R+ which is left continuous
on R, non-increasing and inficrL (t)= 1, superL (t) = 0. We shall denote by E the family of all non-
distance distribution functions and by G a special non distance distribution function in E given by

(1 ,ift<O
G(t)_{o Jift>0
Main Results:
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In this section, we introduce the concept of intuitionistic Menger b-metric space with example.

Definition 3.1. The 6-tuple (X, M, L,*, O, b) is said to be an intuitionistic Menger b-metric space, if X
isan arbitrary set, b > 1 is given real number, * is a continuous t —norm, ¢ is continuous t —co-norm,
M is a probabilistic distance and £ is a probabilistic non-distance on X satisfying the following
conditions: forvV a, 3,y € Xandt,s >0

Map) (@) + Lap (O <1;
M(a,ﬁ) 0)=0
Map () = H(D),ifandonly ifa = B ;
M (a,)(6) = M (g ,a)(t)

> t u\ |
Moyt +10 2 Mo (5) * Mip. (5)
Liap(0) =1
Lap () = G(t) ifand only if a = B;
Liap)(t) = Ligay(®)

Ligy)(t+u) <L(a[3)( )OL(B y)( ) ’

Definition 3.2. Let (X, M, L,*, 0, b) be an intuitionistic Menger b-metric space.

(@ A sequence {a,} in X is said to be convergent if there exists a € X such that
lim; 00 M (q,,0)(£) = 1 and limy,_, o L(g,,0)(t) =0, ¥t > 0. In this case « is called the limit
of the sequence {a,,} and we write lim,,_,,, @, = @, ora, — a.

(b)  Asequence {a,} in (X,M, L,x, ¢, b) is said to be a Cauchy sequence if for every a,, € X,there
existsng € Nsuchthat Mg o () >1—€eand Ly o () <€,YVmn=ngandt > 0.

(c) The space X is said to be complete if every Cauchy sequence converges in it.

Example 3.3. Let X = (0,0). Define a CTN %:[0,1] x [0,1] = [0,1] by g x h = gh and a CTCN

¢:[0,1] x [0,1] - [0,1] by gOh = max{g, h} and also define M}, and L, by

© © N g M owbdPE

(a=p)? 1
Mp(ap)(t) = {[e N t>0
0 , t=0
(a—p)? 4
Lpap)(t) = {1 —le ¢ 175, t>0
1 , t=20

forall a, 8 € X,t > 0. Then it is an intuitionistic Menger b-metric space.
Proof. Now we prove (5) and (9)
b(t+s) b(t+s)
(@=7)? < (%2) (@ = g2 + (Z2) B - )2,
where b is an arbitrary integer, we have
(a-y)? < (a=p)? n (B—V)Z.
b(t+s) t s

) (@-p)? @-p?  (B-1)?
That is, ebtrs) <e ¢t e s

Since e€ is an increasing function, for e > 0, we have

(@-1)? @211 1 g-p21t
[ebE+r]™1 > [e t ] .[e s ] )
Mpay)b(t +5) = Mpap)(t) * My (S)
forall a, B8,y € X,t,s > 0. Hence (5) hold
Since (a —y)? = max{(a — B)* (B —v)*},
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(@-7° _ {(a -B)* (- y)Z}

——— < Ina
b(t+s) t s
where b is an arbitrary integer. Since e® is an increasing function, for e > 0, we have
(a-p)? (@-p?  (B-1)?
e bt+s) < max {e t ,e s }
(a-p)? @p21 ! -p?
So [e b(t+s)]_1 > max{[e t ] e s ]_1}
_ (a-p)? @21t B-p)?
That is 1—[eb&+9]™1 < max{1 — [e t ] J1—[e s 71

Lpayb(t +5) < Lpa,p)(€) * Ly (S)
forall a, B8,y € X, t,s > 0. Hence (9) hold.

The Banach Contraction Theorem:

In this section, we prove a unique common fixed point theorem which
is the extension of Banach contraction theorem in the structure of intuitionistic Menger b-metric
space.

Theorem 3.4. Let (X, M, L,x,0,b) be a complete intuitionistic Menger b-metric space such that
Aim Mp@p ) =1 ,r{im Lyap(t) =0 forall a,p €X,t >0and T:X — X be a mapping

satisfying the conditions
Mb(Ta,TB) (at) = Mb(a,ﬁ) (t) and Lb(Ta,TB) (at) < Lb(af,ﬁ) @®....... (3.4.1)

forall a,p € X,t > 0, where a € (0,1). Then T has a unique fixed point w € X and M, ) (t) =
1, Lywwy(@®) =0, forall t > 0.

Proof. Let (X, M, L,*, O, b) be a complete intuitionistic Menger b-metric space. For a given element
a, € X, define a sequence {a,} in X by

a; =Tag,a, =T?ag =Tay e....,ay = T"ayg = Ta,_, foralln € N
If a, = a,_, forsomen € N then «, is a fixed point of T. We assume that a, # a,_, foralln €
N.Forall t > 0andn € N, we get from (3.4.1) that

My (apani) ) Z Mp(a,,, a,)(@) = My ra, ra, (at) = My(q, o,_)(at)
and
Lp(anns) O = Lp(an, an) (@) = Lora, ra, ) (@) < Ly(q, o,_,)(@t)
foralln € Nand t > 0. Therefore, by applying the above expression, we can deduce that

Mb(ansran) () = Mb(anﬂ,an) (at) = My (TanTan_) (at) = Mb(an,an—1) @®....... (3.4.2)

t t
- Mb(Tan_l’Ta”‘Z) = Mb(“n—l.“n—z) (E) =2 Mb(“l,“o) (ﬁ)
and
Lb(an+1,an) (t) < Lb(anﬂ,an) (at) = Lb(Tan,Tan_l) (at) < Lb(“n,“n—ﬂ @) ....... (3.4.3)

t t
= Lp(Tran_,Tan_,) () < Lb(an_l’an_z) (E) S Lb(allao) (ﬁ)
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forallm e N,p > 1andt > 0. Thus, we have

t t
Mb(‘xn:an+1) (t) = Mb(“n,‘xn+1) (E) * Mb(“n+1,an+p) (E)
and

t t
Lb(“nran+1) (t) = Lb(“n,an+1) (E) OL:b(‘xn+1,‘xn+p) (E)
Continuing in this way, we get

Mb(“n'anw)(t) = Mb(“n,anﬂ) (E) * Mb(an+1,an+2) (ﬁ) R Mb(an_,_p_l,am_p) (F)

and
t

t t
Lb(an'an+p)(t) = Lb(an,an+1) (E) <>Lb(an+1,05n+2) (ﬁ) O <>Lb(“n+p—1,an+p) (bp—l)
Using (3.4.2) and (3.4.3) in the above inequality, we have

t t t
Mb(an,an+p)(t) = Mb(aoral) (ﬁ) * Mb(ao_al) (bzan“) *o ok Mb(ao,al) (bp—lan‘l'p—l) ... (3.4.4)

and
t t t
Lo(ananen)© = Lo(agar) (5ar) OLo(anar) (ammm) © - OLb(aoer) (grram) -~ (345)
Here b is an arbitrary positive integer.
We know that Aim Mp@p () =1 ,r{im Lyap(t) =0 forall a,p € X,t >0, where a € (0,1). It
follows from (3.4.4) and (3.4.5) that

Tlli_r)gloMb(an'anw)(t) =1*1*..x1=1forallt >0,p>1

and
lim Ly(q, ay,,)(® = 0000...0 =0 forallt >0,p>1.

n—oo

Hence {a,} is a Cauchy sequence.

The completeness of the intuitionistic Menger b-metric space (X, M, L,*, 0, b) ensures that there
exists w € X such that

7111_1)130 Mb(an,w)(t) = rlll—{lc}o Mb(an,an+p)(t) = Mb(w,w)(t) =1, forallt >0,p=>1...(3.4.6)

and

Tllll?o Lpapw)(t) = rlll_r)‘glo Lb(an,aw)(t) = Lyww)(®) =0. forallt >0,p=>1....(3.4.7)

Now, we show that w € X is a fixed point of T. We have

t t
My w,rw) () 2 My(,a,,,) <5> * My i) (ﬁ)

t t

= Mamanen (35) * Motrenn (35)
t t

= MD(W.“nH) (E) * Mb(an,w) (%)

and

t t
Lowrw) () < Ly(w,ap,,) (ﬁ) OLp(ansr1w) (ﬁ)
t t
= Lb(wran+1) (ﬁ) <>Lb(TOIn,Tw) (%)

t t
< Lowans (35) e (350)
Forall t > 0. Taking the limitas n — oo, and by (3.4.6) and (3.4.7), we get

Mpwrw) () =1x1=1
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and
Lb(W,TW)(t) =000 =0.
Therefore, w is a fixed point of T and M, y,w)(£) = 1, Lpww)(t) = 0, forall,, ¢ > 0. Now, we
investigate the uniqueness of fixed point. For this, assume that v and w are two fixed point of
T. Then by (3.4.1), we have

t
My, (w,v) (t) = My (Tw,Tv) (t) = My (w,v) (a)
and

t
Lpw)(®) = Lpw ) () < Lpwv) (a)
forall t > 0. Thus, we obtain

My, (t) = Mb(wv)( )for alneN
and

Ly (©) < Lyauy) (=) forall n € N

Taking the limitas n — co and using lim M, () = 1, lim Ly, 5)(t) = 0 ,we get w = v. Hence
n—oo n—-oo

the fixed point is unique.
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