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Abstract

In this paper, we establish fixed point results for a class of nonexpansive self-mappings defined on
complete b-metric spaces. Motivated by the work of Mohammadi, Golkarmanesh, and Parvaneh[7], the
present study extends and generalizes existing fixed point results for nonexpansive mappings under
suitable contractive conditions. The main results are obtained for mappings defined on a b-metric space
endowed with a binary relation satisfying an appropriate invariance condition. By constructing a
Picard sequence from a suitable initial point, we prove that the resulting sequence is Cauchy and
converges to a fixed point in the complete b-metric space. Furthermore, the results provide conditions
concerning the existence and separation of fixed points. The proposed results extend earlier findings
and contribute to the development of fixed point theory by incorporating the generalized structure of b-
metric spaces and weaker contractive conditions. These results may be useful in the study of nonlinear
analysis and mathematical models in which the standard metric space framework is insufficient[6,5].
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Introduction

This paper, motivated by the work of B.mohammadi[7], we establish new fixed point theorems for
nonexpansive mappings in the setting of b-metric spaces. Our results not only extend and generalize
the findings of Khojasteh et al. (2014)[2] but also provide a broader perspective on the existence and
uniqueness of fixed points under weaker contractive conditions. The significance of these results lies in
their applicability to various mathematical models and real-world problems where standard metric space
assumptions do not hold.

Assume that (X, d) be a metric space and f: X — X be a single-valued mapping. Then, f is called a k-
Lipscitz mapping if d(fx, fy) < d(x, y).

forall x,y € X,where k > 0. If ke [0,1), then itis called a contractive mapping and if k =1, f is called
a nonexpansive mapping. In Banach[1] proved a very important fixed point result for a contractive self-
mapping. Obviously, any contractive mapping is nonexpansive, but there verse is not true in general
.Several researchers investigated fixed point theory for nonexpansive mappings such as [6,5]. In [2]
Khojasteh et al. investigated fixed point results for a new type of self mappings and multivalued
mappings. Then,Vetro in [3] extended their results for nonexpansive mappings using a binary relation
on X, called f-invariant. Also, he established fixed point results for nonexpansive multi-valued
mappings with a new type of contraction. On the other hand, fixed point theory for mappings on b-
metric spaces as a generalization of metric spaces has attracted many researchers for many years
([9,10,11,12,13,14)]).

Preliminaries-

Preliminaries give some notations and results that will be needed in the sequel.

Definition[4]

Let X be a nonexpansive set and s = 1 be a constant real number.The function

d:X X X - [0,)is called a metric on X if the following conditions hold:

(D)d(x,y) =0iff x=y forallx,y €X.
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(i)d(x,y) =d(y,x) forallx,y € X
(ii))d(x,y) < sld(x,z) + d(z,y)] forall x,y,z € X.
In this case, (X, d) is called a b-metric space with parameter s.
Denote by CB(X) the set of all nonempty closed bounded subsets of X.
Assume that H be the Pompeiu — Hausdorff metric on CB(X) defined by
H(A , B) = max{supd(x , B), sup d(y , A)},
XEA y EB

For all A,B € CB(X), where d(x, B) = infycgd(x,y). An element x € X is said to be a fixed point of a
multi —valued mapping T: X —-CB(X) whenever x € Tx. It is said that T : X—>CB(X) is contractive
whenever H( Tx, Ty)< kd(x,y) for all x , y € X,wherek €[0,1). If k =1, then T is called a
nonexpansive multivalued mapping. Nadler[8] proved the existence of fixed point for contractive
multivalued mappings.

Lemmal[3]

If {a,} be a nonincreasing sequence of nonnegative real numbers, then the sequence
antanyq

Apt+anpe+17°
Corollary[7]
Let (X,d) be a b — metric space and f: X — X be a nonexpansive mapping .
If xo € X and {x,} be a Picard sequence starting with x, that is,x, = fx,_;
forall n € N then,the sequence
d(n-1,Xn)+ d(XnXn+1)
d(cn—1,xn)+d(xXxp,Xn41)+1

is increasing too.
Main Result:
We prove some results for single-valued mappings defined on a b-metric space endowed with relation
on X, thatis, R is subset of X x X. Then, R is Banach f-invarient if (fx, f? x) € R, whenever (x, fx) €
R. Also, a subset Y of X is well ordered with respect to R if for all x,y € Y we have (x,y) € R or
(y,x) € R. Let Fix(f) = {x € X : x = fx} denotes the set of all fixed points of f on X.
Theorem:

Let (X,d) be a complete b — metric space with parameter s > 1 endowed with a
binary relation R on X and f: X — X be a nonexpansive mapping such that

d(xfy)+dy.fx) d(x,fy)+d(y.fx)
d(fx' fy) = (s[d(x,fx)+d(y,fy)+1] + k[ s ]) d(x' y) (1)

A forall (x,y) € R,where k € [0,1). Also assume that

(a)R is Banach f — invarient,

(b)if {a,} is a sequence in X such that (x,_1,%,) € R foralln € N and x, € X as
n — o, asn — oo, then (x,_1,z) € R, foralln € N.

(c)Fix(f)is well ordered with respect to R.

Let there exists x, € X such that (x,, fxy) € R and ¢s < 1,where

. d(xg,fxo)+d(xo,f%x0) 2
- (d(xo;fxo)"'d(fxo,fzxo)"'l + k[d(xoffx()) + d(xOlf xO)])

Then,

(1)f has at least one fixed point z € X,

(ii)the Picard sequence of initial point x, € X converges to a fixed point of f.

Proof:

Letx, € X besuch that (x,, fxo) € R, s < 1and let {x,} be a Picard sequence with initial point x,_If
Xn_1 = X, forsome n € N, then x,,_, is a fixed point of f and the existence of a fixed point is proved.
Now, we suppose that x,,_; # x,, for all n € N. From (xo x;) = (xo, fxo) € R, since R is Banach f-
invarient, we deduce that (x;,x;) = (fxo, f2x,) € R. This implies that (x,_q,%,) =
(f™ 1x,, f™x,) € R for all n € N. Using the contractive condition (1) with x = x,,_; and y = x,,, we
get
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— d(xXn_1,fxp)+d(Xn,fXn_1)
(e, 1) = d(fon, frn) < Ge e et

+ Kk [ d(xn—hfxn):d(x"'fxn_l)])d(xn—lr

Xn)

_ ( d(Xn-1, Xn+1)+dCep, X5) +k [d(xn—l'xn+;)+d(xn'xn)])

s[d(xp—1, Xp)+d(xXn,fXn_1)] d(Xp-1,%n)

< ( d(Xn—lyxn)+d(Xny.7Cn+1) + k[d(xo,fXO) + d(xo,fzx())]) d(xn_l,xn)

[d(xp—1,x0)+d(xpn,xpn41)+1]
)
Forall n € N. From (2), by Corollary, we get

d(n-1.Xn)+d(XnXn+1)
d(xn' xn+1) S ([d(xn—lv;n)+d(xnrxn+:)1+1] + k[d(xn—b xn) + d(xn; xn+1)])d(xn—lr xn)

d(xo,x1)+d(x1,%2)
<( [dCo ) +d(xyny)+1] +k[d(xg,x1) + d(x1,%2) DA (xn_1, %) 3)

= @d(Xp-1,Xn),

For all n € N. Thus, for any m,n € N with m > n, we have
d(xn' xm) =< S[d(xn:xn+1) + d(xn+1:xm)]

< sd(xp, Xpe1) + S[A(Xn41, Xn2) (X2, X))

< Sd(xn:xn+1) + Szd(xn+1'xn+2) +t Sm_n_ld(xm—lwxm)

=Xt d(ic 1 ¥ngi) < Zﬁin_lsl @1 (xg, x1)

=" d(xg, x1) (95) " T (@s)!

=d (0, ;)5 X (5)! (4)
As ¢s < 1 and s > 1, the last term in the above tends to zero, as m,n — oo. Thus, {x,,} is a Cauchy
sequence, Since (X, d) is complete, there exists z € X such that x,, — z. Now we show that z is a fixed
point of f. By assumption (b), we deduce that (x,, z) € R. So, by (1),
We have

_ d(xn,f2)+d(z,fxn) d(xn,f2)+d(z,fxn)
d(tns1, f2) = d(fxp, f2) < (oo B0 4 b |20 Y (xy, 2)

_(__d(xnfz)+d(z,xn41) d(xn.f2)+d(ZXn+1)
_(s[d(xn,xn+1)+d(z,f;+1] k [ s = D d(xy, 2)

Taking limit asn — oo, in the above inequality we get, d(z, fz) < 0. Thus (z, fz) = 0,thatisz = fz.

Thus (i) and (ii) hold.

Conclusion:

The study establishes the existence of fixed points for a certain class of nonexpansive mappings in a

Banach space. The authors demonstrate that under specific contractive conditions, a self-mapping

function possesses at least one fixed point. Furthermore, they show that the Picard sequence generated

by an initial point in the space converges to a fixed point. Additionally, the results ensure that if two

distinct fixed points exist, their distance is bounded below by a derived expression. Above given main

result is proven by multiplying inequality with constant k ,which is the extension of B.Mohammadi[7].

These findings contribute to the broader field of fixed point theory, extending previous results by

incorporating new constraints on nonexpansive mapping.
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