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Abstract 

In this paper, we establish fixed point results for a class of nonexpansive self-mappings defined on 

complete b-metric spaces. Motivated by the work of Mohammadi, Golkarmanesh, and Parvaneh[7], the 

present study extends and generalizes existing fixed point results for nonexpansive mappings under 

suitable contractive conditions. The main results are obtained for mappings defined on a b-metric space 

endowed with a binary relation satisfying an appropriate invariance condition. By constructing a 

Picard sequence from a suitable initial point, we prove that the resulting sequence is Cauchy and 

converges to a fixed point in the complete b-metric space. Furthermore, the results provide conditions 

concerning the existence and separation of fixed points. The proposed results extend earlier findings 

and contribute to the development of fixed point theory by incorporating the generalized structure of b-

metric spaces and weaker contractive conditions. These results may be useful in the study of nonlinear 

analysis and mathematical models in which the standard metric space framework is insufficient[6,5]. 
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Introduction 
 This paper, motivated by the work of B.mohammadi[7], we establish new fixed point theorems for  

nonexpansive mappings  in the setting of b-metric spaces. Our results not only extend and generalize 

the findings of Khojasteh et al. (2014)[2] but also provide a broader perspective on the existence and 

uniqueness of fixed points under weaker contractive conditions. The significance of these results lies in 

their applicability to various mathematical models and real-world problems where standard metric space 

assumptions do not hold. 

Assume that (𝑋, 𝑑) be a metric space and 𝑓: 𝑋 → 𝑋 be a single-valued mapping. Then, 𝑓 is called a 𝑘-

Lipscitz mapping if 𝑑(𝑓𝑥, 𝑓𝑦) ≤ 𝑑(𝑥, 𝑦). 
for all 𝑥, 𝑦 ∈ 𝑋,where 𝑘 ≥ 0. If  𝑘∈ [0,1), then it is called a contractive mapping and if 𝑘 =1, 𝑓 is called 

a nonexpansive mapping. In Banach[1] proved a very important fixed point result for a contractive self-

mapping. Obviously, any contractive mapping is  nonexpansive, but there verse is  not true in general 

.Several researchers investigated fixed point theory for nonexpansive mappings such as [6,5]. In [2] 

Khojasteh et al. investigated fixed point results for a new type of self mappings and multivalued 

mappings. Then,Vetro in [3] extended their results for nonexpansive mappings using a binary relation 

on X, called 𝑓-invariant. Also, he established fixed point results for nonexpansive multi-valued 

mappings with a new type of contraction. On the other hand, fixed point theory for mappings on b-

metric spaces as a generalization of metric spaces has attracted many researchers for many years 

([9,10,11,12,13,14)]).  

Preliminaries- 

Preliminaries give some notations and results that will be needed in the sequel. 

Definition[4] 

𝑳𝑒𝑡 𝑋 𝑏𝑒 𝑎 𝑛𝑜𝑛𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑣𝑒 𝑠𝑒𝑡 𝑎𝑛𝑑 𝑠 ≥ 1 𝑏𝑒 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟. 𝑇ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

𝑑: 𝑋 × 𝑋 → [0, ∞)𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝑚𝑒𝑡𝑟𝑖𝑐 𝑜𝑛 𝑋 𝑖𝑓 𝑡ℎ𝑒  𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 ℎ𝑜𝑙𝑑: 
(𝑖)𝑑(𝑥, 𝑦) = 0 𝑖𝑓𝑓 𝑥 = 𝑦 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋. 
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(𝑖𝑖)𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋 

(𝑖𝑖𝑖)𝑑(𝑥, 𝑦) ≤ 𝑠[𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦)] 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑧 ∈ 𝑋.  
In this case, (X, d) is called a b-metric space with parameter s. 

Denote by CB(X) the set of all nonempty closed bounded subsets of X. 

Assume that H be the Pompeiu – Hausdorff metric on CB(X) defined by 

 H(A , B) = max{𝑠𝑢𝑝
𝑥 ∈ A

d(x , B), 𝑠𝑢𝑝
𝑦 ∈𝐵

 d(y , A)}, 

For all A,B ∈ CB(X), where d(x, B) = 𝑖𝑛𝑓𝑦∈𝐵𝑑(𝑥, 𝑦). An element 𝑥 ∈ 𝑋 is said to be a fixed point of a 

multi –valued mapping T: X →CB(X) whenever x ∈ Tx. It is said that T : X→CB(X) is contractive 

whenever H( Tx, Ty)≤ kd(x,y) for all x , y ∈ 𝑋, 𝑤ℎ𝑒𝑟𝑒 𝑘  ∈ [0 , 1). If k = 1, then T is called a 

nonexpansive multivalued mapping. Nadler[8] proved the existence of fixed point for contractive 

multivalued mappings. 

Lemma[3]

 𝐼𝑓 {𝑎𝑛} 𝑏𝑒 𝑎 𝑛𝑜𝑛𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑛𝑜𝑛𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒  

{
𝑎𝑛+𝑎𝑛+1

𝑎𝑛+𝑎𝑛+1+1
}. 

Corollary[7] 

𝐿𝑒𝑡 (𝑋, 𝑑) 𝑏𝑒 𝑎 𝑏 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 𝑎𝑛𝑑 𝑓: 𝑋 → 𝑋 𝑏𝑒 𝑎 𝑛𝑜𝑛𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑣𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 . 
𝐼𝑓 𝑥0  ∈  𝑋 𝑎𝑛𝑑 {𝑥0} 𝑏𝑒 𝑎 𝑃𝑖𝑐𝑎𝑟𝑑 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑤𝑖𝑡ℎ 𝑥0, 𝑡ℎ𝑎𝑡 𝑖𝑠, 𝑥𝑛 =  𝑓𝑥𝑛−1  

𝑓𝑜𝑟 𝑎𝑙𝑙  𝑛 ∈ 𝑁  𝑡ℎ𝑒𝑛 , 𝑡ℎ𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒  

                                   {
𝑑(𝑥𝑛−1,𝑥𝑛)+ 𝑑(𝑥𝑛,𝑥𝑛+1)

𝑑(𝑥𝑛−1,𝑥𝑛)+𝑑(𝑥𝑛,𝑥𝑛+1)+1
}        

is increasing too. 

Main Result: 

We prove some results for single-valued mappings defined on a b-metric space endowed with relation 

on 𝑋 , that is, 𝑅 is subset of 𝑋 × 𝑋. Then, 𝑅 is Banach 𝑓-invarient if (𝑓𝑥, 𝑓2 𝑥)  ∈ 𝑅, whenever (𝑥, 𝑓𝑥) ∈
𝑅. Also, a subset 𝑌 of 𝑋 is well ordered with respect to R if for all 𝑥, 𝑦 ∈ 𝑌 we have (𝑥, 𝑦)  ∈ 𝑅 or 
(𝑦, 𝑥) ∈ 𝑅. Let 𝐹𝑖𝑥(𝑓) = {𝑥 ∈ 𝑋 ∶ 𝑥 = 𝑓𝑥} denotes the set of all fixed points of 𝑓 on 𝑋. 
Theorem:  

𝐿𝑒𝑡 (𝑋, 𝑑) 𝑏𝑒 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑏 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 𝑤𝑖𝑡ℎ 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑠 > 1 𝑒𝑛𝑑𝑜𝑤𝑒𝑑 𝑤𝑖𝑡ℎ 𝑎  
𝑏𝑖𝑛𝑎𝑟𝑦 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅 𝑜𝑛 𝑋 𝑎𝑛𝑑 𝑓: 𝑋 → 𝑋 𝑏𝑒 𝑎 𝑛𝑜𝑛𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑣𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

 

 𝑑(𝑓𝑥, 𝑓𝑦) ≤ (
𝑑(𝑥,𝑓𝑦)+ 𝑑(𝑦,𝑓𝑥)

𝑠[𝑑(𝑥,𝑓𝑥)+𝑑(𝑦,𝑓𝑦)+1]
+ 𝑘 [

𝑑(𝑥,𝑓𝑦)+𝑑(𝑦,𝑓𝑥) 

𝑠
]) 𝑑(𝑥, 𝑦)                    (1) 

 

A 𝑓𝑜𝑟 𝑎𝑙𝑙 (𝑥, 𝑦) ∈ 𝑅, 𝑤ℎ𝑒𝑟𝑒 𝑘 ∈ [0,1). 𝐴𝑙𝑠𝑜 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 

(𝑎)𝑅 𝑖𝑠 𝐵𝑎𝑛𝑎𝑐ℎ 𝑓 − 𝑖𝑛𝑣𝑎𝑟𝑖𝑒𝑛𝑡,  
(𝑏)𝑖𝑓 {𝑎𝑛} 𝑖𝑠 𝑎 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑖𝑛 𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 (𝑥𝑛−1, 𝑥𝑛) ∈ 𝑅 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ∈ 𝑁 𝑎𝑛𝑑 𝑥𝑛 ∈ 𝑋 𝑎𝑠  
𝑛 → ∞, 𝑎𝑠 𝑛 → ∞, 𝑡ℎ𝑒𝑛 (𝑥𝑛−1, 𝑧) ∈ 𝑅, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ∈ 𝑁. 
(𝑐)𝐹𝑖𝑥(𝑓)𝑖𝑠 𝑤𝑒𝑙𝑙 𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑅. 
𝐿𝑒𝑡 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑥0  ∈ 𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 (𝑥0, 𝑓𝑥0) ∈ 𝑅 𝑎𝑛𝑑 𝜑𝑠 < 1, 𝑤ℎ𝑒𝑟𝑒 

                   𝜑 = (
𝑑(𝑥0,𝑓𝑥0)+𝑑(𝑥0,𝑓2𝑥0)

𝑑(𝑥0,𝑓𝑥0)+𝑑(𝑓𝑥0,𝑓2𝑥0)+1
 + 𝑘[𝑑(𝑥0, 𝑓𝑥0) + 𝑑(𝑥0, 𝑓2𝑥0)]) 

𝑇ℎ𝑒𝑛, 
(i)𝑓 ℎ𝑎𝑠 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑧 ∈ 𝑋, 
(ii)𝑡ℎ𝑒 𝑃𝑖𝑐𝑎𝑟𝑑 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑜𝑖𝑛𝑡 𝑥0 ∈ 𝑋 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑓. 
Proof: 

Let 𝑥0 ∈ 𝑋 be such that (𝑥0, 𝑓𝑥0) ∈ 𝑅, 𝜑𝑠 < 1 and let {𝑥𝑛} be a Picard sequence with initial point 𝑥0. If 
𝑥𝑛−1 = 𝑥𝑛 for some 𝑛 ∈ 𝑁, then 𝑥𝑛−1 is a fixed point of 𝑓 and the existence of a fixed point is proved. 

Now, we suppose that 𝑥𝑛−1 ≠ 𝑥𝑛 for all 𝑛 ∈ 𝑁. From (𝑥0,𝑥1) = (𝑥0, 𝑓𝑥0) ∈ 𝑅, since 𝑅 is Banach f-

invarient, we deduce that (𝑥1, 𝑥2) = (𝑓𝑥0, 𝑓2𝑥0) ∈ 𝑅. This implies that (𝑥𝑛−1, 𝑥𝑛) =
(𝑓𝑛−1𝑥0, 𝑓𝑛𝑥0) ∈ 𝑅 for all 𝑛 ∈ 𝑁. Using the contractive condition (1) with 𝑥 = 𝑥𝑛−1 and 𝑦 = 𝑥𝑛, we 

get 
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𝑑(𝑥𝑛, 𝑥𝑛−1) = 𝑑(𝑓𝑥𝑛−1, 𝑓𝑥𝑛) ≤ (
𝑑(𝑥𝑛−1,𝑓𝑥𝑛)+𝑑(𝑥𝑛,𝑓𝑥𝑛−1)

𝑠[𝑑(𝑥𝑛−1,𝑓𝑥𝑛−1)+𝑑+(𝑥𝑛,𝑓𝑥𝑛)+1]
              

                                                                                          +      𝑘 [
 𝑑(𝑥𝑛−1,𝑓𝑥𝑛)+𝑑(𝑥𝑛,𝑓𝑥𝑛−1)

𝑠
])𝑑(𝑥𝑛−1, 𝑥𝑛) 

                             = (
𝑑(𝑥𝑛−1, 𝑥𝑛+1)+𝑑(𝑥𝑛, 𝑥𝑛)

𝑠[𝑑(𝑥𝑛−1, 𝑥𝑛)+𝑑(𝑥𝑛,𝑓𝑥𝑛−1 )]
+ 𝑘 [

𝑑(𝑥𝑛−1,𝑥𝑛+1)+𝑑(𝑥𝑛,𝑥𝑛)

𝑠
]) 𝑑(𝑥𝑛−1,𝑥𝑛) 

 

                             ≤ (
𝑑(𝑥𝑛−1,𝑥𝑛)+𝑑(𝑥𝑛,𝑥𝑛+1)

[𝑑(𝑥𝑛−1,𝑥𝑛)+𝑑(𝑥𝑛,𝑥𝑛+1)+1]
+ 𝑘[𝑑(𝑥0, 𝑓𝑥0) + 𝑑(𝑥0, 𝑓2𝑥0)]) 𝑑(𝑥𝑛−1, 𝑥𝑛)      

            (2) 

For all 𝑛 ∈ 𝑁. From (2), by Corollary, we get 

𝑑(𝑥𝑛, 𝑥𝑛+1) ≤ (
𝑑(𝑥𝑛−1,𝑥𝑛)+𝑑(𝑥𝑛,𝑥𝑛+1)

[𝑑(𝑥𝑛−1,𝑥𝑛)+𝑑(𝑥𝑛,𝑥𝑛+1)+1]
 + 𝑘[𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑥𝑛, 𝑥𝑛+1)])𝑑(𝑥𝑛−1, 𝑥𝑛) 

                    ≤( 
𝑑(𝑥0,𝑥1)+𝑑(𝑥1,𝑥2)

[𝑑(𝑥0,𝑥1)+𝑑(𝑥1,𝑥2)+1]
 + 𝑘[𝑑(𝑥0, 𝑥1) + 𝑑(𝑥1, 𝑥2) ])𝑑(𝑥𝑛−1, 𝑥𝑛)                   (3) 

                      = 𝜑𝑑(𝑥𝑛−1, 𝑥𝑛), 

For all 𝑛 ∈ 𝑁. Thus, for any m,n ∈ 𝑁 with 𝑚 > 𝑛, we have 

𝑑(𝑥𝑛, 𝑥𝑚) ≤ 𝑠[𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑥𝑛+1, 𝑥𝑚)] 
                    ≤ 𝑠𝑑(𝑥𝑛, 𝑥𝑛+1) +  𝑠[𝑑(𝑥𝑛+1, 𝑥𝑛+2) +d(𝑥𝑛+2, 𝑥𝑚)] 
                    ≤ 𝑠𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑠2𝑑(𝑥𝑛+1, 𝑥𝑛+2) + ⋯ + 𝑠𝑚−𝑛−1𝑑(𝑥𝑚−1, 𝑥𝑚) 

                    =∑ 𝑠𝑖𝑚−𝑛−1
𝑖=1  𝑑(𝑥𝑛+𝑖−1, 𝑥𝑛+𝑖) ≤ ∑ 𝑠𝑖𝑚−𝑛−1

𝑖=1 𝜑𝑖+𝑛−1𝑑(𝑥0, 𝑥1) 

                    =𝜑𝑛−1𝑑(𝑥0, 𝑥1)(𝜑𝑠)1−𝑛 ∑ (𝜑𝑠)𝑖𝑚−1
𝑖=𝑛  

                    =𝑑(𝑥0, 𝑥1)𝑠1−𝑛 ∑ (𝜑𝑠)𝑖𝑚−1
𝑖=𝑛                                                                         (4) 

As 𝜑𝑠 < 1 and 𝑠 > 1, the last term in the above tends to zero, as 𝑚, 𝑛 → ∞. Thus, {𝑥𝑛} is a Cauchy 

sequence, Since (𝑋, 𝑑) is complete, there exists 𝑧 ∈ 𝑋 such that 𝑥𝑛 → 𝑧. Now we show that 𝑧 is a fixed 

point of 𝑓. By assumption (b), we deduce that (𝑥𝑛, 𝑧) ∈ 𝑅. So, by (1), 

We have 

     𝑑(𝑥𝑛+1, 𝑓𝑧) = 𝑑(𝑓𝑥𝑛, 𝑓𝑧) ≤ (
𝑑(𝑥𝑛,𝑓𝑧)+𝑑(𝑧,𝑓𝑥𝑛)

𝑠[𝑑(𝑥𝑛,𝑓𝑥𝑛)+𝑑(𝑧,𝑓𝑧)+1] 
+ 𝑘 [

𝑑(𝑥𝑛,𝑓𝑧)+𝑑(𝑧,𝑓𝑥𝑛)

𝑠
] )𝑑(𝑥𝑛, 𝑧) 

                                              =(
𝑑(𝑥𝑛,𝑓𝑧)+𝑑(𝑧,𝑥𝑛+1)

𝑠[𝑑(𝑥𝑛,𝑥𝑛+1)+𝑑(𝑧,𝑓𝑧)+1]
+  𝑘 [

𝑑(𝑥𝑛,𝑓𝑧)+𝑑(𝑧,𝑥𝑛+1)

𝑠
]) 𝑑(𝑥𝑛 , 𝑧) 

Taking limit as 𝑛 → ∞, in the above inequality we get, 𝑑(𝑧, 𝑓𝑧) ≤ 0. Thus  ( 𝑧, 𝑓𝑧) = 0, that is 𝑧 = 𝑓𝑧. 

Thus (i) and (ii) hold. 

Conclusion: 

The study establishes the existence of fixed points for a certain class of nonexpansive mappings in a 

Banach space. The authors demonstrate that under specific contractive conditions, a self-mapping 

function possesses at least one fixed point. Furthermore, they show that the Picard sequence generated 

by an initial point in the space converges to a fixed point. Additionally, the results ensure that if two 

distinct fixed points exist, their distance is bounded below by a derived expression. Above given main 

result is proven by multiplying inequality with constant 𝑘 ,which is the extension of B.Mohammadi[7]. 

These findings contribute to the broader field of fixed point theory, extending previous results by 

incorporating new constraints on nonexpansive mapping. 
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